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1.0 INTRODUCTION

By now you would have known that the subject differential calculus has a lot to offer
to mankind. In order to be able to solve a large number of problems it is important to
study the derivative of certain class of functions. You already know that if a function f
is a one to one function then f has an inverse f'. The question now is suppose f is a
differentiable and one to one function. Will the inverse function f ! be differentiable?
And under what conditions will (f ) exist. This is one question among others that you
will be able to answer in this unit. In addition problems of relating to motion of a body
a along a curve can only be fully described if the derivative known. In this unit higher
derivations of function will be discussed so that you and others may be able to solve
completely the problem of motion rte: a body along a curve. Optimization of scarce
resources can easily be solved with the knowledge of higher derivatives of function
most of the functions that have been treated so far are expressed explicitly in terms of
one independent variable x. There are certain functions that might not be expressed
explicitly, such function fall into the class of functions known as implicit function.
They are so called in the sense that dependant and independent variables are expressed
implicitly. Finding derivatives of such functions will be discussed; it will save you the
time of trying to express the dependent variable in terms of the independent variable
before differentiating y.

2.0 OBJECTIVES
At the end of this unit, you should be able to

o differentiate the inverse of a function
o evaluate higher derivatives of any given function
o differentiate an implicit function.
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3.0 MAIN CONTENT

3.0 Differentiation of Inverse Functions

You could recall that the inverse of the function y = x° is given as y = x'* (see Unit 2)
/3

If y=x'
dy- 1x7 x2% and x#0
dx 3

In the above example the function y = x° is a one to one function and also a
differentiable function. Also the function y = x'? is a one to one and also
differentiable at a specified domain provided x # 0.

You recall that in unit 2 you studied that the composite function of f (x) and its
inverse f'(x) in any order yields the identity function.

ie. fUTO)=FUTX)  =x
Using the function f (x) = x’ you have that f ' (x) = x"
Then f(f'x) = 7)Y =x
And  f(fx) )P =x

Using the above illustration, you can now differentiate the composite function given
as

fUTO)  =x
te.d [f(f (x)]=dx
dx dx

Using the chain rule studied in Unit 6.
Let [T (0)=g®
Then f (g(x)) =x.

But d [f(gx)]1=f"(gx)=dx=1
dx dx

flgx). g'x)=1.

= g0 =
/1 (g(x))
This gives the derivative of inverse of a function
ie.  (flex)= 1
JANECY)
Example
Let f(x)=x’ Find (f '(x))
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Solution
F'ep'= 1 = 1 -1
i) 3¢y 3Py
1
3X2/3

by direct differentiation of y =x you get:

dy = x.
dx

Example

Let f(x)=x+ 1 find the derivation of the inverse

Solution
fR=x+1;f"(x)=3x"
inverse x)=x-n"
flept= 1= _ 1 = 1

et 3T’ 3x-DTY
The derivative of inverse of the function f (x)=x"., x>0

Giventhat f(x)=x" and f'(x)=x1/n

£ = nx™!
therefore (f 'l(x))l = | = _ 1 _
£ ) n(f ' (x)™!
d [x 1/n] =1 x"™! 1 = 1
dx n n(x1/n)n-1 nxm
1 <!l
n

Thus for x >0 and  f'(x)=x""

n

d
dx

and for x # 0 and n odd
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Examples
Find the derivative of the following functions.
O y=x"
a y=x"
am  y=x"
av) y=x"
V) y=x"
(VD y=x>"
Solutions
M y=x? =dy = 1x"
dx 2
a  y=x" = dy=1x%
dx 7
am  y=x"
Let xP4 = (x"9)P
d ™ d([x")”
dx dx
Let u=x'" then y = u”

dy=pu and du=1 x
du dx q
dx q
_F
—;x(g-l)

d

_ [xpfq]=£ £

I qx( )
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av)

V)

(VD)

MODULE 3
_ 25
y=X
gy=2_x2/51 :nys
dx 5 5
y:X4/3
Qy=4_x4/31 ﬂxm
dx 3 3
y=x'5/3
dl=ﬁx5/31 ixm
dx 3 3

The above equation (B) could be extended to the case f (x) = u where u is to the
case f (x) = u; where u is a differentiable functions of x.

ie. d  uE))PI =P d [ux)]
dx q dx

For the above to make sense, then u (x) # 0 when q is odd and u (x) > 0 when q
is even.

Example

(1)

(1)

)

Ify=[(x*-1)""] then

dx 5

5

Evaluate d [ 2x> -7]"*]1 =1 (2x?>-7)?? . 4x
dx 3

4x

Evaluate




MTH 112 DIFFERENTIAL CALCULUS

=1 | x+1 Yood = X2+
2 x> —1 X x> —1
=1 | £+1|-% 2xx*-1)-2(x+1)
2 | x*-1 x*—1)

1] X2+1]-% -4x
2] x*-1 x*—1)

= -2X

(Vx> + 1) (x> = 1)*?

3.2  Implicit Differentiation

So far you have been finding the derivatives of functions of the class of functions
whose right side of the equality sign is an expression of one variable (i.e. x). Such
functions are said to be explicit functions. However, there are functions such as

xzy = 2xy2 +6
This type of such is expressed implicitly. To obtain an explicit expression of an

implicit expression you resolve in transpose (make subject of formula) the equation in
the dependant variable or one variable

Example
2x*+ 3y =6 transposing for y

yields y= 2x*- 6
-3
However there are implicit functions where it will not be possible to solve for vy.
Example of such functions are

(1) x*+xyt+yx+x’=2

Q) xXt+xy’+5x+yi=1

In the above although it is not possible to solve for y, they can be differentiated by the
method of known as implicit differentiation. Appropriate applications of the rules for
differentiations u, u v, u '™ ,U, etc. which you have studied in unit 6. You should be
able to carry out implicit differentiation. The next question that comes to your mind
should be "what is implicit differentiation" this question is best answered by finding
the derivative of the functions.

x>+ xy4+ y3x-|-x3 =2
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Solution:  Differentiating both sides of the equation you get

d X)) + dxyh+dy'x) + &= dQ)

dx dx dx dx dx
=2x + dx, y4+ X dgy)4 + y3 dx +x d(yf +3x*=0
dx dx dx dx
=2x+Ly'=dxy’ dy+y +3xy* dy +3x* =0
dx dx
=(2x+y' +3x7 +y’) + (dxy* + 3x y)) dy =0
dx
dy = -(Q2x+y'+3x°+y’)
dx 4xy” + 3xy’

Implicit differentiation is useful in finding the slope of a tangent to curves.

Example:  Find dy of the following functions.
dx

yzzx 2

2
1. X +y’ ) x—1

3. Xy +y+2=0 (4) x -xy+yl=0

5. 2xy-y2=x -y 6. (x+y)2+ (x-y)2=X3 er3

Solutions
1. dxD)+dyD) =d4)
dx dx dx
=2x*+2y dy =0

dx
= dy =x*, y#0
dx vy
dx x -1

2. dx’) =d (x*-2
dx

-2y dy= 2x(x-1)-(x*-2) = x*-2x+2
dx (x-1)° (x - 1)?
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2y dy= x*-2x+2
dx (x - 1)?

dy= x*-2x+2
dx  2y(x-1)

3. dEHY) +d(y) +dy=0
dx dx dx

x> dy) +y* dx) +dy =0
dx dx dx

x2y dy +y*2x +dy =0
dx dx

2xy* + 2yx + 1) dy = 0
dx

dy =-2yx’

dx  2yx-1

4. d (x3) + d (xy) = d(v?) =0
dx dx dx

3% -y dx) -x dy+2ydy =0
dx dx dx

3x*—y-xdy+2ydy=0

dx dx
3x*—y+2y -x)dy =0
dx
dy y- 3x°
dx 2y-x

5. d2xy)-diy) = dx) - dy
dx dx dx dx

2x dy +2y -2y dy =1 -dy.

dx dx dx
2y -1=Qy-2x-1)dy
dx
dy = 2y —1
dx 2y —2x -1
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6. dx+y)P +dx-y) =X +y
dx dx

dx +y) +dx-y) =dx+y)
dx dx dx

2x(x +y)( 1 +dy ) +2(x -y) (1 -dy) = 3x" + 3y’ dy
dx dx dx

==>2(x +y)=2(x-y) +[(2(x +y) - 2x - y)] dy =3x"+ 3y’ dy
dx dx

==> 4x + 4y dy = 3x* + 3y’ dy
dx dx

==> (4x+3y”) dy = 3x* + 4x
dx

dy 3x*-4x
dx 4y -3y

Example

By differentiating the equation
Xy =x+y implicitly show that

c=k( - yzl,wherekyzx.

x-1

Solution

Given that x*y*=x’+y*

Then d (x’y?%), whereky=x.
2
x" -1

Solution: Given that x* y* = X2+ v

Then d(x> %), d ®*+y)
x -1 d
2xy” + 2yx” dy = 2x + 2y dy
dx dx (1)

Collecting like terms you equation (1) becomes

(2x + 2y) dy = 2x - 2xy’ (1)
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Dividing equation II by (2yx” - 2y)

dy= x-xy’= x(1-y*)
dx yx*-y  y(x’-D)

since k =x/y then.

Example

By differentiating the equation
x*+y—y*  implicitly show that

dy= 2y-x
dx 2x+y
Solution:  Differentiating with respect with y you have:

dx®) d(xy)—dx) =0
dy dy dy

2x dx+x+y d-2y=0

dy d
dx 2x+y) =2y-x
dy
dx = 2y—x
dy 2x +y

3.3 Higher Order Differentiation
You will start this section with the study of second derivative of a function where it
exist and then extend it to higher order.

Let y = f (x) be a differentiable function of x. Then it has a derivative given as

dy=1"(x)
dx

f ! (x) is a function let:

f () =g
Then g'(x) = d_z% which is the second derivative of functiony = f (x) .
dx
Which is written as d’y or f ' (x)
dx’
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Example
Lety =4x’ Find d%
dx?
Solution
dx = d(4x’) = 12x
dy d
d’y = d (12x%) = 24x
dx* d
Example
y=x -2x°+x. find d’
dx*
QXZQ(X3-2X2+X)=3X2—4)<+ 1

dx d

d’y=(3x"-4x+ 1)
2
X

o

=6x—4

Since you now know what a second derivation of higher order. The idea here is that so
long as you have differentiability, you can continue to differentiate
y =/ (x) from dy
dx
f'(x)and dy = £ '(x) to form dy = f ''(x) and dy = f ''(x) to form dy = f''! (x)
dx dx* dx*= dx’

And so on until you get to an n™ order

ie. dy) =dy , d dy =d%y
dx dx d dx dx’

d &y dy d dy=dy
d dx*> 4’ d dx*  dx*
i [ dn-l ]: dny
d | dx"!] dx"

Example
Let y=x5+x4+x3+ 1

Then dy=5x"+4x’ + 3%
dx

d’y =20x° + 12x* + 6x
dx?
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d’y = 60x’ + 24x* + 6x
dx’

dy=120x + 24

dx*

&>y =120

dx’

dy=0

dx®

dly=dy=... =d"y=0
dx!  dx® dx"

In the above example all derivatives of order higher than 5 are identically zero.
You can see that derivative of a polynomial function is again a polynomial
function. This implies that polynomial functions have derivatives of all order so
also, is all rational functions.

Example
y= L1
X
dy = -1, dy =2
dx x° dx* x°
3. 4 _
dy = -6 dy=24
dx’ x* dx X’
Example
Find dYvy If y=2x
dx* x-1
Solution
y= 2
x-1
dy = 2x &y = _4x
dx  (x- 1% dx*  (x _ 1)’
dy= -12x , d'v = 48x

& x—1) & x—1)

Example
By differentiating implicitly find d’y if x> = 1 + y%, leave your answer in
terms of x and y only.
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Solution
Given that x* - | =y

Then 2x=2ydy

dx
X=y dy
dx
I=dy.dy+y d’
dx dx dx’
vy &
. = [_y_] g4
dx ¥
2
dx dy d
= 1--—=—,wherey=y
[fiy] = y dx.
dy =1- @Y=y -x
dx® y y
Example
By differentiating implicitly find: (1) dy/dx. (2) dzy/dx2 in the following
equations.

(1) x*-y*=4x
2) x -y =27
B) x+y+y'=

Solutions
(1) x*-y*=4x

d(x®) - d(y*) = d(4x)
dx dx dx
2x -2y dy=4
dx

dy = 2x-4 =x-3
dx 2y y.

Given thaty dy=x-2
dx
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d(x’) - (dy") =0
dx dx

3x* =3y’ dy =0
dx

—> dy-y
dx vy

d |ydy [=d ®
dx dx dx

y' &y +2yd . d=2x
dx* dx dx

Cyty =1

d(xy) - dy)=0
dx dx

2xy +x* dy +2ydy =0
dx dx
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2xy = (x* +2y) dy

dx
dy = -2xy
dx  x*+2y

Differentiating implicitly the equation

d(2xy) d(x* dy) +d 2y dy) =0
dx dx dx dx dx

you get:

2y +2x dy +2x dy + x*d*y+2dy. dy +2y d’y=0
dx dx dx* dx dx dx’

collecting like terms you get:

2y+ 4x dy +2(dy)’ H(x* +2y) &’y =0

dx dx dx?
2 2% ¥
dy = 2y + 4x 22 4o
dx? x‘+2y X' +2y
xz+2y
@  xy’=16
dx*y)=16
dx
2xy2+X22yQy=O
dx
dl=-2xy2 = -y
dx  2yx’ X

d (xdy)=d(-y)=d(x dy)d(-y)

dx dx dx dx dx dx
dy=-2dy
dx dx

d’y= -2dy/dx = -2 (-y/x) =2y
2

dx X X X
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4.0 CONCLUSION

In this unit you have applied rules of differentiation to find derivatives of inverse of a
function which is turn lead to differentiation of function such as y = x" where nEQ.
You have studied implicit differentiation will be useful when finding the normal or
tangent of curve at a given point. Higher order derivatives of functions, which you
studied in this unit, is a very useful tool for studying applications of differentiation.
The various solved examples in this unit is given to enable you acquire the necessary
tools for further differentiation.

5.0 SUMMARY

In this unit, you have studied how to

o Eine the derivatives of inverse of a given function
i.e.
d (/) =1
dx VAKVRECY)
o Differentiate a given equation implicitly
o Fine higher order derivatives of functions

ie. dy d@dynd d&y=dy
dx dx dx dx dx’ dxz, ey

d_ dn-l q d n y
dx | dx™  dx”
. Differentiate functions with fractional powers i.e. d (x”'%) = P/q x
dx

(p/q)
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7.0 TUTOR-MARKED ASSIGNMENT
For exercise (1) - (2) find the derivatives of the inverse of the following functions:
) y=x'-1

(2) y=4x’-2

B y= 2x
x-1

@ y-—
y x+1

(5)  Find the derivatives of the following functions

M y=x"" an y=x"
an y=x" av) y=x?>*

(6)  Find the derivative of the following functions

(H y= (X-l)l/5 I y= (2X2 ) X)1/3
) y=(x-1>
dx x+2

(8) Evaluate d | x+1]**
dx | x*-2

©) Ify V+x*=2 find dy

(7)  Evaluate d [XZ - 1}

dx
(10) Ify= x- 1 show that
x+2
(x+2)* dy=3
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(11)

(12)

(13)

(14)

(15)

(16)

(17)
(18)

(19)

(20)

dx
Ify=1 find dy and d’y
N x*+1 dx dx?

Find the value of dx and i\[
dx dx?
at the point p(2, 3) if x* + xy = y.

Finddx if (x -y) + (x +y)2=x*+y*
dy

By differentiating the equation
2x-y*=x"-2y show that

(1-y)dy=1+ (x-1N?
dx’ 1 -y

What is the value of d’y if y = x°
dx?

Find d'y ify = x+1

Find dy ify=|1+x

dx’ N1 -x
Find dY ify=3x"+ 1
dx* X

show that dx =-x_ if x* y2 =16.
dy 'y

Find d* 241
dx? x -1
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INTRODUCTION

MODULE 3

So far you have studied differentiation of functions such as polynomials and rational
functions. In this unit you will be studying differentiation of two special functions
namely natural log and exponential which have practical applications in real life
problems such as computation of compound interest accruing from money deposited
or borrowed from financial institutions. Another application where the differentiation
of these two special functions could be applied is in the prediction of growth or decay
of a radioactive substance. The two functions natural logarithm and exponential
functions that will be subject of study in this unit, are related to one another because
one is the inverse functions of the others. That is f™'(natural logarithm) = exponential
function and the f™' (exponential function) is the natural logarithm.

2.0

OBJECTIVES

At the end of this unit you should be able to:

3.0

3.1

differentiate logarithmic functions

carry out logarithmic differentiation
differentiate exponential functions

find the derivative of the function a"
find the derivative of the function log, u.

MAIN CONTENT

Differentiation of the Logarithm Functions

You will review some properties of logarithm functions you are already familiar with.

(1) x=1log,y ifa*=y
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(2)  the log of a product = the sum of the logs. Keeping the above in mind
you should be able to recall the following:

let f (x)=logx
then fEY)=fX)+f({y) ... (D

suppose fx=1

then fO=fA.D=fM+f1D)=2f(1)
= f=27@1)
- 0=F(). (I1)

if this is true for x>0
Then 0=f(1)=f(x.1/x)=f(x)+ f(1/x)
= = f)=F®) e (I11)
Taking x > 0 and y > 0 then
FOR=f. 1X)=fM+fAX)=FfF-fX
(Using equation IT)
FOR I =FX) e, (IV)
Still keeping x > 0 and using equation I you get
fE.x.X.xX)=fX)=fX)+...+ f(X)

=nf(x)
f &) =nf ).

Replacing f (x) by log x you get the 3 basic properties.
(1) log(xy)=logx+logy
(2) log(y/x)=logx—logy
3) log x")=p log x.

You will now attempt to derive a formula for the derivative of a logarithm
function.
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Let log x = f (x) and x > 0 where f is assumed to be a non-constant
differentiable function of x which has all the properties of a logarithm stated
above let Ax be an increment resulting in a corresponding increment in f(X).
Then the difference quotient can be formed as

f(x+ AX) - f(x)
AX I 0.V

Since f (x) is a logarithmic function.

You can re-write the above equations (A) as

f&xHA) - f(x)=f (xHAX) = f (1+ Ax)
X

X

Hence f(x+A)- f(x) = f.(x+Ax)
Ax X

Multiplying equation (B) x/x and noting that f (1) = 0 you get

fx+AX)-f(x) = _1 |ZC(I+AX/X)—f(1)E|
AX X AX/X

Taking limits of equation (C) as Ax ----- > (0 you get

Lim fx+Ax)-f(x) Ilim 1 Ilim|f(d+ Ax/x) —f(l—)‘ =]
AX X AX/X
Ax—0 Ax—0 Ax—0

=1 lim |E(1+AX/X)—I((1)—)‘
AX/x

Ax > 0
Flx)=1xr'(1)

= d [fIx)]=d [logx]=
dx dx

where f ' (x) =1

ST

(Since f'is a non-constant function f (1) #0).
If u 1s a differentiable positive function of x (i.e. u(x) > 0 and u' (x) exist)

Then d lnu) = d Inu du=1 du
dx du dx u dx
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Example: Findd log(x2 +1).
dx

Solution
Let u=x’+1 hereu>0V ¢ R.

Then d(x*+1).= 1 2x = 2x_
dx x?+1 X2 +1
Example: Find d log 1
dx x>+ 1
Solution
Let u= 1 here u>0Vxe R
x>+ 1
Then d log _1 d (logu) =1 du
dx x>+ 1) dx u dx
= x*+1 - 2x = - 2X
(" + 1)’ (" + 1)
Example:  Show thatd (log /x/)=1
dx X
Solution: Forx>0
d (log /x/)=d(logx)=1 /x/ =x for x>0
dx dx X
For x<0, /x/ =x.

Therefore d (log /x/ )= _d (log -x)
dx dx

Here let u=-x du=-1 d@w-=1
dx dx u

d(log /x/)=1.(-)=1.(-1)=1
dx u X X
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Example: Findd log /1-x*/

dx
Solution
Letu=1-x>, then d log /u/
dx
= 1 .-2x = -2 = 2x
1-x 1 - x? x* -1

x-1

Example: Findd log [ x* } x # 1.
dx

Solution

Letu= XA  du= 13X-4)X3
x+1 dx (x-1)4

Then d log= 1. du = x—-1 . (3x-4)x
dx u dx x* (x — 1)

3x-4)
x(x—1)

3.2 Logarithmic Differentiation

The Natural Logarithm: In previous section you have differentiated a general
logarithm function. That is the base to which the logarithm is taken was not
mentioned. Every logarithm studied so far are mainly of two types logj x or log, x.
The latter is the one you will study in this section.

Remark: The natural logarithm is that function f(x) = log. x that is the logarithm to
base e (the number e is taken after Leonard Euler (1707 -1783)(There are logarithm to
base other than e or 10.) The interesting thing about the study of differentiation of the
natural logarithm is that its definition depends so much on calculus. You will consider
the definition after you have studied the second course on calculus i.e. integral
calculus. You have to make do with the fact that

Ln x = log, x = the natural logarithm.

The above satisfies all the basic properties of a logarithm function reviewed in the
previous section.

In practice it has been observed that finding the derivatives of certain functions could
be a difficult task.

But with appropriate application of the natural logarithm, derivatives of such functions
could easily be found. The method involves taking the natural logarithm Ln of both
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sides of the given equation before differentiation. This method is called logarithmic
differentiation.

Example
Suppose y =f(x)  Find dy/dx

Step 1.
Lny=Inf (x) - @
Step 2. Differentiate both sides with x
d(Iny)=d(Inf(x)) ____ a{y
dx dx

dy=y d(In f(x))
dx dx

Let y=u"u(x) is a differentiable function of x.

Taking log of both sides you get:

Lny =In U"

Lny =nln U

d (Iny) = d (nlnu)

dx dx

1 dy = n(L du)
y dx u dx

dy =ny (1) du
dx u dx

= nu” du (sincey=u")
u dx

= "' du
dx

Which is the same result derived in unit 7.

Example: Finddy/dx Ify=x*" x>0
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Solution
Y = x *"! (taking natural log of both sides)

Lny=In(x*")

Lny = x + 1 In x (differentiate with x)

1 dy=Inx+ (x+t1)

y dx X
QXZ[lanL(XJrl[] y = [lnx+gx+1][xx+l
dx X X

=(xInx +x + 1)x*

Example: Find dy ify= (x> +1)’(2x-1)
dx x> +1)

Solution:

Y = 3+ 1’@2x -1) (taking In of both sides)
+ 1)

[(x2 + 1’ (2x-1 )2]
Lny = In x>+ 1)

Lny=In(x*+ 1)’ +In (2x -1)*-In (x> + 1)

d (ny) = d [31n(x2+1)+21n(2x-1)-In(x2+lﬂ
dx dx

dy= 3 2x + _2 2 - 2x
dx x*+1 2x - 1 x>+ 1.

Sl -

= [ 6x + 4 - 2x ] (x+ 1)’ 2x -1)?
X+ 2x-1 x>+ 1 x>+ 1)

=43x*-x+ ) x>+ 1) (2x - 1).

Example: Finddyify3/2 = (*-1(3x-4)"
dx (2x - 3)5 (x + 1)

Solution

3
yé = (x*- DBx-4)"
(2x - 3)"° (x +1)?
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x*- DBx-4)"
2x - 3)" (x +1)* |  ( taking in of both sides)

In y32 = In

=In(x-1)+InGBx-4)"-In(2x-3)" —In (x + 1)?

d [jlny} QEn(x2—l)+_1 In(3x —4) -1 1n(2x-3)—21n(x+1)J

dx | 2 dx 3 5

3 dy = 2x  + 3 -2 (1) 2

2y dx x2—1 33x-4) 5 |[2x-3| x +1

dy=|2x +_1 -2 |_1 2 2 |[E-1DEx-4"

dx |x*-1 3x-4 5 Px- 3] x+1)3|2x-3)"(x+1)
2 4x> + 53x% - 1774x + 127

1_5 (x = 1)5/3 (2x - 3)17/15 [3x _4]7/9 (x _1)1/3

Example: A+

Solution

Lny1/5= In _X6
x+1)%

1 1
SIny=6Inx-2 In(x=1)

144



MTH 112 MODULE 3
Example: y=x(x-1)x*+ )(x -2)(x*-3) find dy/dx
Solution
y=x(x- x>+ D)(x-2)x-3)

Iny=1In(x (x -1)(x* + 1)(x -2)(x* - 3) (taking In of both sides.)
=Inx + In (x-1) + In(x* + 1) + In (x - 2) + In (x* - 3)
d(ny)= d[Inx+In(x-1)+In(x*+1)+1In(x-2)+In (x> - 3)]

ldy= 1+ 1+ 2x +_1 + 2x .y
ydx x x-1 x*+1 x-2 x*-3

dy= 1+ [L+ 2x + 1 +2x |(x(x-1)E+1D(x-2)x2-3)
dx X x-1 +1 x-2 x*-3

3.3 Differentiation of Exponential Function

You will now be introduced to the function that cannot be changed by any
differentiation.

The function f (x) = €* for all real number x is called the exponential function. At this
stage you will review some properties of the exponential function which you are
already familiar with.

40 log € = x for all real number x

(I1)  €*> 0 for all real number x

(IIl) e“®=x forallx>0

(IV) e"V=¢"¢ forallreal x andy

(V) €e7V=e¢e/e" forallreal xandy

The derivative of the exponential function is the exponential function. This singular
property distinguishes it as the only indestructible function.

4 (@)=
ie. & (I)

To prove the above you start by noting that
Loge' = x (2)
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Taking the derivative of both sides of equation(2) you get:

d(loge’)= d(x)
d. dx 3)

You can write equation (4) above in a general form. By letting y = e® where u is a real
and differentiable function of x.

iie. dy=d(e") by applying
dx dx

the chain rule for differentiation you get that

dy = ¢' du

dx dx
Example: find dy if

dx
O y=e* m y=e*
() y=e (x+1)2 (IV) y= e\/x +1
(V) y — e(X+1)3
Solutions

O y= e™ —¢' whereu=x

dy=c"du=eVx. % x 1?2

dx dx

am y= ex’ ¢", whereu=x’

dy=e¢"du=e*.2x

dx dx
=2x e“.
() y=e* 2 ¢, where u = (x+ 1)’
du=2(x+ 1)
dx

dleudl:e(x+ 1)2’ 2(X+ 1)
dx dx

=2(x+ 1) 2
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av) y= et ! ¢", whereinu=(x +1)”

du 1 (x+12)"

dx 2
dl — el.l . d_u: e\/X+1 . 1/2(X+12) -1/2
dx dx
= levx+1
2Vx + 1

(V) y=e""e" whereu=(x*- 1)

du = 2(x*-1).2x =4x(x*- 1)
dx

dy=¢".du=e(x*-1)".. 4x = (x*- 1)
dx dx

=4x=(x"-1).e"1?

Example: Find dy/dx if y =¢" - Inx

Solution
A% ex - Inx - CX — e_x
eln X X
dy=¢"x"+(-1)x)?ex
dx
e - x=¢ [L | ]
X X X '
E . : — \/X \/X
xample: finddy ify=e"™ In
Solution: Y =uv, where v=e™ u= In(x)"

dv = e du =1
dx 2WX_,dx 2X

dy=udv +vdu =e™ 1 +¢e"
dx dx dx 2x 2

=e™ (1L + Inx
2X 4Nx
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Example: if y=1(ex+c¢") fine dy

2 dx
Solution
dy = 1(¢"- ¢7)
dx 2
If y=x"e™ find dy
dx?
Solution
Let y=uv, where vv = x°, u=¢e"
dy=2xe™-x"e™
dx

3.4 Differentiation of the Function A"

You will use the method above to differentiate the function y = au where u is a real
differentiable function of x.

if a>0 and

b= Ina |

Then e®=e™ =2
Given that u is a differentiable function of x and

au =e™=

a
then In a" = ulna
To find the derivative of y = a".
Given that y = a"
Then dy=da"=d (")
dx dx dx
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=¢"™ d e. (ulna)
dx

.Inadu.
dx

il
=a"lna—.

In:
eua

d_ (au) _ aulna du

dx

Example: find dy if
dx

O y=4™
(II) y — 2-(X2+1)
I y=5"
Solutions
() y=4"

leta=4,u=Inx

u

y=a
dy=a'nadu=4" .In4.1
dx dx X
4" In4

X

(II) y — 2-(X2+1)
y=a", a=2, u=-(x"+1)

dy=a"Inadu=2"""" In2 (-(x*+1))
dx dx

=2 D 2 2x

=2x [n2(2 **D),
an y=s"
y=a"a=5, u=1x

du=5". Ln5 1 x™
dx 2
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Further Examples
Find dy if
dx

0 y=¢'Inx’

n y'=e*

ay yP={x+1|" x>1
(x-1)

av) y=x"

(V) y=In(Inx%
(V) x=Iny.
Solution
0O y=¢'Inx’
= ¢" 31nx.
Let u=¢*, v=3Inx.

dy =udv +vdu=3¢e"+¢e"31nx
du dx dx x

=3e" (1 + Inx).
X

i y=e
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In(y)wz Inx+1]"° x> 1
x-1

2 dy =1 Inu where u =
3 dx 5
2 dy =1 x-1-(x+
3ydx 5 (x -1)°
2 dy=1|x+1}|. -2
3y dx 5 |x- (x - 1)?
dy=3 [ -2 x+1
dx 10 x* -1 X -

(IV) y:XI/X
Iny=Inx""=1 Inx.

X

1/x

dy =y 1- 1hx = x
dx = x* x
x"*1 (1 - Inx)
X (1 - Inx)
(V) y=1In(Inx?)
y=In u, where u =1nx’

du 1 . 2x =
dx x?
= 2
xInx?
(V) x=Iny.

x=Iny.

2
X
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._.
I
&|&

|-

but y=¢* => dy

dx ex (¢f=¢eM

g=y.)
4.0 CONCLUSION

In this unit you have studied how to differentiate logarithmic and exponential
functions. You have studied additional methods of finding the derivative of functions,
by application of logarithmic differentiation. Differentiations of certain function that
are rigorous have been made easy by the method of logarithmic differentiation. The
differentiation of exponential function which is very useful in solving problems of
growth or decay and computing compound interest on invested money has been
studied by you in this unit. you will use the knowledge gained in this unit to solve
problems involving differentiation of trigonometric and hyperbolic functions in the
next unit. Make sure you do all your assignments. Endeavour to go through all the
solved examples.

5.0 SUMMARY

In this unit you have studied how to
(1)  differentiate the function f (x) =1nu
ie. d (Inu) =_1 du
dx u dx

(I)  differentiate the function f (x) =10g, u
(IIT)  differentiate the function f (x) = ¢"

ie d ()= ¢ du
dx dx

(IV) to final derivative of complicated functions by applying logarithmic
differentiation (i.e taking natural logarithmic of both sides of the equation
before differentiating).

(V) to find the derivative of the function f (x) =a"

i.e.d(@)=a"Ina du
dx dx
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7.0 TUTOR-MARKED ASSIGNMENT

1. Findd log, [x+ 1
dx N x°

2. Findd log /x*-1/
dx

3. Differentiate y = log X
x> +1
4. Differentiate y = x**

5. Ify=(x_-1DE*-1" finddy
x>+ 1 dx

6.  finddyif \y [x2 +x ]”7

dx 2.1

7. Ify=(@x+Dx-2)+ D -1) find dy
x> dx

8. If7Ny=¢" finddy
dx

9.  find dy/dx ify =e"*!
10. Giventhaty=x¢e* find d’y/dx’
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UNIT 3 DIFFERENTIATION OF TRIGONOMETRIC
41 FUNCTIONS

CONTENTS

1.0 Introduction
2.0  Objectives
3.0 Main Content
3.1  Differentiation of Sines
3.2 Differentiation of Other Trigonometric Functions
4.0  Conclusion
5.0  Summary
6.0  Tutor-Marked Assignments
7.0  References/Further Readings

1.0 INTRODUCTION

So far you have studied how to differentiate various types of functions such as
polynomial, rational, fractional, exponential and logarithm functions. You have
applied rules of differentiation to differentiate the sums, products, quotients and roots
of these functions. In this unit you will be differentiating the class of functions which
are periodic. Such periodic function are best studied using trigonometric ratios such as
sine and cosines. You are already familiar with trigonometric ratios of cosines and
sines in your SSCE/GCE mathematics. Their properties are briefly studied here as (see
Fig9.1)

(1)sin®=y (i) cos 0 =x/r (ii1)) tan O = (iv) cosec O =r1/y

(v) sec B =1/x and (vi) cot = x/y

P(x,y)

The trigonometric ratios given above are structured by placing an angle of measure 0
in standard position at the center of a circle of radius r and finding the ratios of the
sides of the triangle O PN.
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2.0

OBJECTIVES

After studying this unit you should be able to correctly:

3.1

derive the derivation of the function y = sin x from first principle.

derive the derivatives of trigonometric function such as cos x, tan x, cosec X
and sec x.

differentiate combination of various types of trigonometric functions.

MAIN CONTENT

Differentiation of Sines

A good starting point for the differentiation of the trigonometric ratio of sine is
imbedded in the concept of evaluating the limit.

Lim sin0 where 0 is measured
0

6—>0
in radian ( a radian measure is uniteless)

Fig 9.2

7 0 (in radian) = s/r

Prove that Lim sin @ Ois 1
0

6—>0
From the above a direct calculation will not be possible because division by
zero is not possible. Therefore, you have to go through a formal proof of the
above since you will need to find the derivative of the function f(x) = sin u.
Proof

Let © > O and also measured in radian

Let 0 be a small angle at the center of the circle (see Fig 9.3) or radian radius r
=1
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Fig 9.3.

In fig 9.3 OP and OA are side of the angle 0. OA is the targent to the cicle at
point A and meets side OP at Q.

Note that

Area of AOPA = 2 base x height
72 (OA) (h) =" (1) (OP sine0)
=Y (1) (1)sinB = 2 sinO

Area of sector OPA =% 1> =1 (1) 0.

Area of AOQA =1 (OA) (QA) =" (1) (tan 0)
=1tan 0 .

Fig. 9.3
Area of AOPA < Area of sector OPA < Area of AOQA

= sin6< 16 <1 tan 0 1

1
2 2 2
Since 6> 0 and small than sin ) > 0
dividing the inequalities in (12) by ' sin 0 you get.
1<6 < 1 I
taking the reciprocal (II) you get I

1>sin® >cos0
0

taking limits in (IIT) as 6 -->0
lim 1>Ilimsin O > lim cos 0

0
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0->0 060 0->0

1>lim sin® >1
0
050

the above hold for 6 < 0. Since cos 0 is an even function (see unit 2) i.e.

cos (-0) - cos 0 and sin O is add i.e.
sin(-0)=-sin® = sin(-0) = _-sin@ = sin 0
-9 -0 0

Using the above fact you can now derive a formula for d (sin u)
dx

Let A u as usual be an increment in u with a corresponding increment

Ayisy. ify=sinU
then y + Ay = sin (u + Au) I

subtracting y from y + Ay you get

Ay =sin(utAu) -y
=sin (u + Au) — sinU II

applying the factor formula i.e. sin A —sin B = 2 sin (A—B) cos (A + B)
2 2
to the right side of equation II you get

Ay =2 cos ((u+ Au).-u) sin ((u+ Au) - u)

2 2
=2 cos [u + &] sin Au 111
2 2

dividing equation III through by Au you have

Ay =2cosu+ Au [sin Au/ZJ

Au 2 Au
= COS [u + &] sin Au/2 v
2 Au
setting 0 = Au/2 equation IV becomes
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Ay =cos(u+0)sin 9
Au 0

taking limits in equation (V) as Au — 0

Au 0

lim Ay = lim| cos (u + 0) sin 0
VI

Au— 0

lim Eos (u+0) sin(ﬂ
0

0—->0

(since © =0u, soas Au— 0,0 — 0)
2

Equation VI becomes

dy =cosU.1 =cos U.
du

since U is a differentiable function of x by the chain rule you get

d (sin u) = cosu du

dx dx
te.ify=sinu, -dy = dy . du
dx du dx

dy = cosu,

du

d (sinu) = cosu du
dx dx

The above process is known as differentiation of sin u from first principle or limiting
process.

Example find dy if
dx

(1) y = sin 5x

() y=sinx’
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(iii) y=sin Vx
(iv) y=sin (Inx)
Solution:
(1) y = sin 5x
Let sin U where U = 5x

Then dy =cosU dy =cos5x.5
dx dx

= 5cos 5x
.. . 2
(i) y=cose"+sinx
let y=cosu+sinv, whereu=¢e", v

. dy = -sinu du + cosv dv
dx dx dx

. 2

= -sine" . e*+cosx .2x
2 .

= 2x cos X~ -¢€" sine".

(i) y =sinx

COS X
let y=u, u=sinx, v =cosXx
%
dy = vdu -udv
dx dx dx

2
\%

cos x(cos x) - sin x(-sin x)
cos? x

2 .2 2
= cos’x +sin"x =_ 1 = sec’x
cos® x cos? x

(1) y= cosx
sin X

lety=u, whereu=cosx, v = sinx
v

dy = vdu -udv
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(iv)

(v)

(vi)

AQ

DIFFERENTIAL CALCULUS

dx dx dx = sin x(-sin xx) — cos x(cos Xx)
2 -2
A\ sin” x
= _sin® X — cos® X
.2
sin” x
_ _ 2
= -1 = -cosec’x
sin’x

— (i )

y = (sin X)

lety=u" andu=sinx

dy = -1 . du du = cosx.

dx u’ dx, dx

y = (cos x)'l.

Let y =u’ andu=cosx

dy =_-1 . du = -1 - sinx
dx u’ dx  cos’x

sin X

cos” X.

y = CoS (sin’x)
let y = cos(u)
let u =v* wherev = sinx

dy = dy . du . dv
dx du dv dx.

dy = -sinu, du = 2v, dv = cosx.

du dv dx
dy = -sin (sin’x). 2sinx . cos X.
dx

= 2sin X cos X sin (sin® x)

Differentiation of tan u.

Sincetanu = sinu
cos u

Let y=tanu= sinu
cosu

160



MTH 112 MODULE 3

Using example (III) above we get:

dy - _d(tanu) = cos u(c cos u)-(-sin u)(sin u)
dx du cos’ u
= 1 = sec’u.

cos’ u

d (tanu)=sec’u du
dx dx ~

Exercise: Derive the formula for the derivative of cot u, where u is a
differentiable function of x. (see example (IV) above).

d (cotu)=cosec’u du
d dx

Differentiation of sec u

Let y=secu= 1 = (cos u)”
cos u,
d (sec u)=-1 (cos u)>. (-sinu) du
dx dx
= sinu du
cos’u dx
sinu . 1 du

cosu cosu dx

= tanusecu du
dx

d (secu)=tanusecudu
dx dx

161



MTH 112 DIFFERENTIAL CALCULUS
SELF ASSESSEMENT EXERCISE 1

Derive the formula for the derivative of cosec u, where u is a differentiable function of
x (see example (IV) above)

d (secu)=tanusecudu
dx dx

3.1 Differentiation Of Other Trigonometric Functions
Example: Find dy if

dx
(i)  y=cotx () y=+xtan(V1-x)
(i) y= sec’ 2x (iv) y=tanx secX.
(v)  y=tan(x*+secx) (vi) xcos2y=y sinx
(vii) y= 2x (viii) y= x+cos’x

cos 3x sin X

(vX) y=cot’x tan x (x) y=c“cosx y=siny.
Solution
()  y=cotVx

— _
y=cotu,u=xXx

dl=-coseczu du, du=1x"

dx dx dx 2

dy =-cosec’u (x) _1_ = -cosec2(Vx)
dx 24x 29x

() y=+x-tan(V1 - x)
lety=uv, u=1x, v=tanz, z=(-x)"

dy=du.v +u dv
dx dx dx

tan z. + \/X.dl. dz
2Vx dz dx

=tan(1-x)% +x [sec2(l—x)1/z

24x

._1(1—x)—1/2J
2
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(iii)

(iv)

(v)

(vi)

el y g taie)

L V1l JJ

y=sec’ (u), u=2x

y= sec? 2x

y = (sec u)’

dy = 2secu. d (secu)
dx d

2secu. - (tanusecu).?2

dy = 4 sec’ (2x) tan 2x.
dx

y = tan X sec X.

lety=uv u=tanx V = SeC X
dy=udv+vdu, du=sec’xdv
dx dx dx dx dx

dy = tan x(tan x sec x) = sec 2 xtnx.
dx

y = tan (X + sce X)
y=tanu, u=x+sinx.

dlseczu@ du =2x = cos x
dx dx, dx

dy = sec” (x* + sin x)(2x + cos X)
dx

X cos 2y =y sin X
using implicit differentiation you
if u = cos 2y.

dl: 2 QL(_ sin 2Y)9
dx dx

'
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(vii)

(viii)

(ix)

DIFFERENTIAL CALCULUS

Cos y —y cos X = (sinx + 2xsin 2 y)dy
dx

dy = _cosy-ycosx

dx sin X + 2x sin 2y.

y=2x
cos3x

let y=1u
v

dy =vdu -u dv
dx dx dx

2
\%

u=2x, v=cos 3x, du =2, dv =-3sin3x.
dx dx

dy = 2cos3x - 2x.(- 3sin 3x)
dx cos” 3x.

= 2 cos3x + 6X sin 3x
cos’ 3x.

2
y= X+cos" x
sin X

2 .
y=u=Xx+cos X, V=sinx.
v,

du = 1 - 2cosx.sinx dv = cos X.
dx dx

dy = vdu -udv
dx dx dsx

2
V.

= sin x (1 -200sxsinx)-(x+coszx) COs X
sin® x

y= cot’x tan x
let y=1uv, u= cotzx, v =tan x

du =2 cot x (-cosec’x)
dx
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2
dv =sec” x.

dx

dy =u dv + v du = cot” x.sec’ x + tan x.(-2 cot x cosec” X)
dx dx dx

2 2
cot x(cot xsec” x - tan x cosec” X)

-(1 - cosec’x + cosec’x . cos? X)
(cos* x - 1).

2 .
(x) y=e cosx y=siny.
2
let u=¢e", v=cosz, z=Xy

du = ex, dv =-sinz, dz = 2xy+ x* dy
dx dz dx dx

duv = u dv + du
dx dx dx

cos y dy + e* (=(sin x* y) = (2xy + x* dy) + cos X" y.¢*
collecting like terms

cos y dy + e sin x* yx* dy = -¢* sin x* y2xy + cos x* ye*
dx

= dy (cos y + x%¢* sin x> y) = e* (cos X’ y - 2Xy sin x° y)
dx

dy =ex(cosx’y-2xysinx’y
dx cos y + x’¢" sin x°y.

4.0 CONCLUSION

In this unit you have studied now to derive the derivative of f (x) = sinx from first
principle i.e. using the limiting process. You have extended it to finding basic formula
for the derivative of cos X, tan X, cosec X, and sec X., You have used rules for
differentiation studied unit 8 to find the derivatives of functions involving
trigonometric functions.
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5.0 SUMMARY

In this unit you have studied how to;

(1) Derive the formula d (sin u) = cos u du from first principle.

dx dx
(1)  Used (sin u) = cos u_du to derive the formula_d (cos u) = -sin u du
dx dx dx dx.

(iii))  Differentiate functions involving various combination of trigonometric
- 2 72 a2
functions. Such as cos (sec” x) x sin” 3x” etc.

(iv) How to differentiate functions involving inverse hyperbolic functions such as
arc sin h u, arc cos h u and arc tan h u.
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7.0 TUTOR-MARKED ASSIGNMENT

(1) find Ilim (x-3)
sin(x - 3)
x—>1

(2) lim sin(x*—1)
sin(x” - 1)
Xx—3
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(3)  find the dy if
dx

(1) cos y = sin x?
(11)  y=cos (Inx)
(i) y=tan(x*-1)

(4)  If 2siny = cos(tanx) find dy
dx

(5) Finddx if y="x cos (Vx)

(6)  Find dy if y* = tan x cosec x.
dx

(7)  Given thaty = ¢” cos (&)

(8)  Derive the formula d (sin u) = cos u du
dx dx

(9)  Derive the formula d (cos ecu) = - cosecu cot u du
dx dx

(10) Derive the formula d (cot u) = -cosec’u du
dx dx
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UNIT 4 DIFFERENTIATION INVERSE TRIGONOMETRIC
FUNCTIONS AND HYPERBOLIC FUNCTIONS

CONTENTS
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2.0  Objectives
3.0  Main Content
3.1  Differentiation of Inverse Sine and Cosine Functions
3.2 Differentiation of Functions
3.3  Differentiation of Hyperbolic Functions
3.4  Differentiation of Inverse Hyperbolic Functions
4.0  Conclusion
5.0  Summary
6.0  Tutor-Marked Assignments
7.0  References/Further Readings

1.0 INTRODUCTION

You have already studied how to differentiate trigonometric functions of sins, cosines,
tangent, secant and cosecant. In this unit you will study how to differentiate their
respective inverses. The derivatives of inverse trigonometric functions are very useful
in evaluating integral, of a certain trigonometric functions. Therefore your
understanding of this unit will help you tremendously in the course on integral
calculus i.e. calculusis.

In this unit you shall also differentiate a special class of function that is derived as a
combination of exponential €* and e™ which you are already familiar with in previous
units. These combination produce functions that are called hyperbolic functions. They
are engineering problems.

2.0 OBJECTIVES
At the end of this unit, you should be able to:

o differentiate the inverse trigonometric functions such as arc(sin u), arc (cos u)
arc (tan u), arc (sec u) and arc (cosec u)
o find the derivative of the inverse hyperbolic function of arc (sin hu) and arc

(cos hu) etc.

3.0 MAIN CONTENT

3.1 Differentiation of Inverse Sine and Cosines Functions

In this unit you will use the knowledge you acquired when you studied unit 2 and unit
9 to study the inverse of a trigonometric function. This section is important because
the concept you will study here will be useful in the second course of calculus. Recall
that the inverse of a function f(x) is that function. f "'(x) for which its composite with
f(x) yields the identical function:

ie. fUT )= x)=x
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You could begin the study of differentiation of trigonometric functions by examining
the inverse of the sine function. Consider the equation

X=siny

In this equation you can show that infinitely many values of y corresponds to each x in
the interval [-1,1 ] i.e. only one of these values y lies in the interval

(1)

For example if x = /2 then you might wish to know the values of all angles y such that
siny = ' . These two angles y = 30° and y = 150° will come readily to your mind.
Multiples of these two angles will give the sine value to be ' .
1e.sin30°="% ,sin150°=% .sinky="
for k=1,2,.., andy=mn/6,note that
150° = 5(30°).

Consider the graph of y = sin x as shown in fig. 9.3.

\L/f\v 0

If you interchange the letters(variables) x and y in the original equation y = sin X you
will clearly see the what is being discussed so far in this section .

VAl

In the interval [- 7/2, - w/2] the function f (x) = sin x is a one to one function (see Fig
9.3 no horizontal line cuts the graphs only once).

That is X =siny, x e[-L,1] an
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Therefore within the interval [- m/2, - ©/2] the inverse exist and it called the inverse
sine function and it is written as y = arc sin x (or sin-' (x)) (see Fig 9.4 and 9.5.)

Remark: You will use the arc sin x frequently to represent the inverse sine
function. The notation sin™ (x) could be used if you are sure you will not confuse it
with the function

1

sin X.

Y =sin x

- /2 /2

Fig: 9.5
In Fig 9.4 the function y = sin x is a continuous so also is y = arc (sin x).

The function dy =d (sin x) =cos X
dx d2

is defined in the interval | -m , ®m | andthereisnoxe|-m , @
2 2 . 2 2.

such that cos x = 0. So also the derivative of the inverse sine function does not
take any value zero in the open interval ( -1, 1) i.e.

d(arcsinx) #0Vxe(-1,1)

With the above information you can now proceed to derive a formula for the
derivative of arc sin x.

Let f(x)=sinx

Then f '(x)=arc sin x
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Note that f (f '(x)) = x.
Therefore d - (f (f ' (x)) = d(x)=1

dx dx
= d sin(arcsin x) =1.
dx
= cos(arcsin x) d (a arcsin x) =1.
dx
Hence d (arcsin x) = 1 _
dx cos(a arcsin Xx)

= 1

V1 — sin® (arcsin x)
note that: cos’x+sinx=1 = cosx= VI- sin’x)

thus d(arcsinx) = _1
dx V1 -

note also that;
sin(arc sinx) =x  then (sin(arc sin x)* =x°)

you could also derive the above formula by applying implicit differentiation
Given that:

y = arc sin X
= siny = x

then =  d(siny)=dx

d dx
cosy dy =1
dx
dy = _1 = 1 .
dx cosy Vl1-sin’y
putting y=arcsinx and siny=x you get :
d (arc sin x) = 1
dx V1- x*
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let  y=arcsinu where u is a differentiable function of x.

Then;

d (arcsinu) = _ 1 du
dx V1 - v dx

Differentiation of Inverse Cosine

Given that y = arc cos u

Let cosy=u

Then d (cosy) = dy

dx dx
-siny dy = dy

dx dx
dy = -1 dy
dx siny dx

siny = V1- cos® y. wherecosy=u

Therefore

d (arccos u) = _ 1 du
dx V1 - dx

Differentiation of Inverse Tangent

Given thaty = arc tan u

Let tany=u
then d (tany) =du
dx dx
sec’ydy = du
dx dx
dy =_1 du
dx Sec’y  dx.

(note that

if tan® y = sec’ y and tan y == u)
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therefore dy = 1 du = 1 du
dx 1+tany dx 1 +u® dx
hence
d (arctan u) = _ 1 du
dx 1 + v dx

Differentiation of arc sec u.

Given that y = arc sec u

Let secy=u

d(secy) =du
dx dx
secy anydy =du
dx dx
dy = 1 du

dx secytany dx

(note that tan y = + Veec’ y — I and sec y = u)

dy 1 du

dx  uxVui-1 dx

therefore

hence

d (arc tan u) = 1 du
dx AN -1 dx

DIFFERENTIATION OF y = arc cot u

Give y=arccotu
Let coty=u
d(coty)=du

dx dx

- cossec’ y dy = dx
dx dx

dy = -1 du
dx cosec’y dx
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(but cosec’ y =1 + cot’ y, coty=u)

then
d (arccot u) = _ 1 du
dx 1 +u dx

DIFFERENTIATION OF y = arc cosec u.

Given that y = arc cosec u.
Then cosecy=1u

- coty cosecy dy =du
dx dx

dy =__ -1 du
dx cot y cosecy dx.

but coty== cosec? y—1 cosecy=u

then dy = -1 du
dx  uwu’-1 dx

Therefore
d (arc tan u) = 1 du
dx uANu -1 dx.

Examples

Find dy/dx if;

1. y = arc sin x> 2. y = arc cos 2x°

3. y=arctan(x+l)2 4. y = arc cot [x+ﬂ
x -1

5. y =x" (arc sec 2x).
Solutions
(1) y=arcsinx’

let y=arcsinu,u=x

dy = _1 dy = 1 2x
dx 1-u’ dx 1 - (x)?
= 2x
V1 —x*
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3
y = arc cos 2x

3
let y=arccosu,u=2x

dy = -1 du = _-1 67
dx Vi-u? dx - V1-(2x3)?
= 6
1 —4x°

y = arc tan (x + l)2

let y=arctanu, u=(x +1)?

dy= 1 du = 1 2(x+ 1)
dx 1+u” dx 1+@x+1)*
= 2(x+1)

1+(x+1)*

y=arccot | x+ 1
x -1

let y=arccotu,u={~x+l}

x—1
dy = -1 du = -1 .2
dx 1+u? dx (x+D7? (x-1)
x—1
= 1
X+ 1

y= (x* arc sec 2x)
let y=uv andu=x’ v =arc sec 2x

let Vv = arc sec z, z = 2X.

dv = 1 2 = 1 2x
dx  |2]v2%-1. dx 2xV4x? - 1

but
dy dv d ’
Ty = HTv +v_'u_ = %— +{arc sec 2x).2x.
dx dx dx V4x2-1
==> dy - x* + 2x(arc sec 2x)
dx  4x*-1
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3.3 Differentiation of Hyperbolic Functions
You are already familiar with the differentiation of exponential function e* and e™.

These combinations occur in two basic forms 2 (e* + e-") and % (" - €™). They occur
so frequently that they have to be given a special attention. The types of function
described above are known as hyperbolic functions (see unit 2 sec 3.2 for more
details).
Definition: The hyperbolic sine and cosine are functions written as
Sinhx="%(e"+¢e™) and
Coshx="%(e*-¢e™)
(Recall that the word hyperbolic is formed from the word hyperbola see unit 2 sec.
3.2).

Given sin h x and cos h x defined above you can easily form other hyperbolic function
of tangent cotangent, secant and cosecant by noting that

Sinhx="%(e"+¢™) and

Coshx="%(e"- ¢

Then
1. tanhx=sin hx=¢e"—e™
coshx e&*+e*
2. cothx=coshx =e¢*—e¢™
sinhx e*+e*
3. cosechx = 1 = 2
sinhx ¢&“+¢e*
4. sec hx = 1 = 2

cos h x e +e™

You will briefly review some of the identities associated with hyperbolic functions
they follow the same pattern with those derived for trigonometric functions.

Note that the equation of a unit hyperbola is given as
X -y =1
ifyouputx=cosh®andsinh0=y
then x*=cosh’@andy’=sinh’0
= cosh’-sinh* 0 =1 (1)
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Then by substituting appropriately you get the following identities
l-tanh?’6 =cosec h’ @ 2)
coth?9-1 =cosech? @ 3)

The identities will be useful in finding the derivative of inverse hyperbolic
functions.

DIFFERENTIATION OF Sin h u.

Let y = sin h u., where u is a differentiable function of x.

then:

dy=d(sinhu=d |("—¢"
dx dx dx 2

=cos h du

d(sinhu)=coshudu
dx dx

DIFFERENTIATION OF cos h u

Lety=coshu
Then:
Therefore

d(coshu)=sin hudu
dx dx
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DIFFERENTIATION OF tan h u.

Lety=tanhu.
Then:
dy=d(tanh)=sinhu

dx dx coshu

= dy =cosh U d (sin h U)-sin h U _d (cos h U)

dx dx dx
cos h’u
= 1 = sech’u du
cos h’u dx

d (tan h u) =sec h u du
dx dx

SELF ASSESSMENT EXERCISE 1
Using the method above:

(1)  show that d (cot h u) = -cosec h*u du

dx dx.
(2)  show thatd (sechu)=-sec hutan hudu
dx dx
(3)  show thatd (cosec hu)=-cosechucothudu
dx dx
Examples
Find dy if
dx
(i)  y=tanh3x (i) y=cosh®5x
(iii) y=sinh 3x? (iv) y=sech’2x?

(v) sinhx=tany.
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Solution

(i)

(i)

(111)

(iv)

(v)

y =tan h 3x

let y=tanhu,u=3x

dy = sec h? u du = sec h? (3x). 3
dx dx

=3 sec h” 3x.

y=cosh’5x

let  y=cosh®5x, u=5x

dy =2 coshu.sinhu du

dx dx

2 cos h 5x sin h 5x. 5.
= 10 cos h 5x sin h 5x.
y= sin h 3x>

let y=sinhu, u=3x’

dy =coshudu=cosh3x’.6x
dx dx

= 6x cos h 3x”.
y = sec h? 2x’
let  y=sech’u, u=2x%

dy =3sechu(-sec hutanh).4x
dx

=_3 sec h®2x’.sec h 2x’ tan h 2x° . 4x

= 12x sec h® 2x? tan h 2x°
sinhx=tany.

cos h x = sec h’y dy
dx

dy = coshu
dx sec h’y.
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3.4 Differentiation of Inverse Hyperbolic Functions

In this section you will adopt the same pattern used in studying the differentiation of
inverse trigonometric function to finding the derivative of the derivative of the inverse
hyperbolic functions. In this course only the following hyperbolic inverse will be
treated.

(D Inverse hyperbolic sine i.e. y = arc sin h x
(I)  Inverse hyperbolic cosine i.e. y = arc cos h x

(ITII)  Inverse hyperbolic tangent i.e. y = arc tan h x.

DIFFERENTIATION OF arc (sin h u)

Let y=arcsinhx

= sin hy=x

= Y(-eY)=x

¢’ —e”¥=2x /multiplying through by e’ we get.
e¥-1=2x¢

= e? - 2xe¥ =0

let €&'=P

then P2-2Xp-I:O
solving for P you get

P= »%(Qx+V4x*+4)
& =x tvx’+1

Now find_dy by Logarithmic differentiation
dx

e take In of both sides
Iney=In(x+ ~Vx2+1) (notee’. 0 hence you drop the minus sign.)

y=Inx+x*+1)y=Inu

dy = 1 du u(x+\/x2+l
dx u dx,

du =1+_x

dx Vx2 + 1
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therefore dy = 1 1+ _x
dx x+ Vx* + 1 xV +1
= _1
Vx2 + 1
d (arcsin hu) = 1 du
dx VX2 + 1 dx

DIFFEREENTIATION OF arc cos hu
Let y=arccoshx
' coshy=x
V(&' +e¥)=x
e’ + e”¥ = 2x/ multiplying through by e’
e¥+1-2x &'=0
letP=¢" you get a quadratic equation of the form.
P*-2xP+1=0.
Solving for P you get;
P=1% (2x+V4x’—4)
ey=X =+ Vx* - 1
for  ¢'>0then
& =x+Vx’-1

To find dy by logarithmic differentiation you take natural logarithm of both
sides dx and get;

Ln e’ =1In (x+ Vx> - 1)

dy=d Inu, u=x+Vx*-1
dx d

1 du du _X

u dx, dx Vx* - 1
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d(arcoshu) = 1 du
dx 2-1 dx

DIFFERENTIATION OF arc tan h u.
Let y=arctanhx

= tanhy=x

sinhy =x.
coshy

= ef-e¥  =x
ey +e”
Multiplying through by e”

-1 =x
e+ 1

=  P-1=E¥+1)x

collecting like terms
e -xe¥=x+1
(1-x)e¥=x+1

e = x+1
1-x

Differentiating by taking natural logarithm of both sides you get:

Lne?¥=1n x+1
1-x

2y =In[x+1
I-x

dy=1  .du du -2
dx u.dx, dx (x -1)°
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dx - dx

Example: Given that cos h’y - sin h’y = 1
Show that d (arc h u) = 1 du

dx + Vu® -1 E

Solution

Lety=arccoshu
Thencoshy=u
d(coshy)= du

dx dx
sinhydy = du

dx dx
dy = _1 _du

dx sinhy dx
but cosh’y-sinh’y=1
cosh’y—1=sinh’y
= sinhy==cosh’y - 1
butcoshy=u
then sin hy =vu® - 1
= dy =__ 1  du
dx +\u - 1 dx
SELF ASSESSEMENT EXERCISE 2
Use the above exercise to show that

d (arc sinhu) = 1 du
dx 1+u* dx
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Example
Find dy If
dx
(1) y=arcsinh (4x) (I)  y=arc tan h (sin x)
(IIT) y=arc cos h (In x) (IV) y=arc cos h (cosx)
Solution
(1) let y=arcsinhu, u=4x
dy= _1  du
dx  V1+uv®  dx
- 1 = 4
Vi+16xt 1 +16x"
(I) let y=arctanu, u=sinx.
dy = 1 du-= | . COS X
dx 1-u® dx 1 - (sin x)*
dy = cosx =_1
dx 1-sin’x  cosx
(IIf) let y=arccoshu, u=(Inx)
dy 1 du du=_1
dx Vu?-1 dx, dx X
dy = _ 1 1 =__1
dx V(In x)* -1 x  xV(Inx)*-1
(IV) let y=arccoshu, u=cos X
dy = 1 du du = -sinx
dx w’ -1 dx  dx
dx - sin X
dx Veos® x - 1
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4.0 CONCLUSION

In this unit you have studied three types of functions and their respective derivative
that is inverse trigonometry, hyperbolic and inverse rules for differentiation to
differentiate functions involving inverse trigonometric and hyperbolic functions. You
have been exposed to numerous examples involving the differentiation of these
function discussed. Some of the examples were repeated in another format for
example some of the examples used in unit 8 were used to explain the concept of
differentiation of trigonometric and hyperbolic functions. This is a deliberate attempt
so that you will master the technique studied in this unit. The differentiation of inverse
function of trigonometric and hyperbolic will be very useful when studying the next
course on calculus that is integral calculus. Make sure you go through the example
thoroughly because you will need them in the second course in calculus.

5.0 SUMMARY
In this unit you have studied how to:
(1)  Derive the formula for inverse trigonometric function such as

d(arcsinu)=1 du  d(arccosu)=- du etc.

I
dx Vu' -1 dx Jut -1 dx g
(I1)  Derive the formula

(a) d(sinhu)=coshudu
dx dx etc

(b) d(coshu)=sinhudu
dx dx

(IIT)  Differentiate functions involving inverse hyperbolic functions such as arc sin h
u, arc cos h u, arc tan h u etc.
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TUTOR-MARKED ASSIGNMENT
Find dy ify = e" arc sin (In x)
dx

Find dy if y=arc cot(V1- x )
2

dx sin h x

Find dy if cos h* 2(sin x)
dx

Find dy if sin h® y = tan h (x)
dx

Derive the formula d (tan hu ) = sec h*u du
d dx

Derive the formula d (arc simhu)=  _1
d 1+u’

Find dy ify = sinh® (¢*)

dx In(sin x)
Derive the formula d (arc tanu) = _1
dx 1+u’

Derive the formula d (arc sec u) = _d

u —_
dx ‘u[\/;;—l

(10) Derive the formula d (arc cos u) =- du

1-u?
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