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1.0 INTRODUCTION

In this unit, we shall discuss the Lebesgue integrals of positive functions over the
general measure space and their basic properties. The monotone convergence and
Beppo Levi’s theorems with Fatou’s lemma will also be discussed.

2.0 OBJECTIVES
By the end of this unit, you should be able to:

(i)  define the Lebesgue integral of positive function over a general measure
space;

(i)  know some basic properties of Lebesgue integrals;

(iii)  prove some basic results on Lebesgue integrals;

(iv)  know and prove monotone convergence theorem, Beppo Levi’s theorem and
Fatou’s lemma.

3.0 MAINCONTENT

3.1 Integration of Positive Functions

Definition 3.1.1: Let (X, M, u) be a measure space and let S be a simple
measurable, non - negative function on X with representation S(x) = X', S; x4;(x)
where 4; = {x € X:S(x) = s;}. Let E € M, we define
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deHZZ SL,U(AlnE), ALQX
A =1
Let X — [0, o] be measurable function, fE f du is defined by

Jo fdu = supges<s [, Sdpu=supf, Sdu
Where S is a simple measurable function on Ssuchthat 0 < § < f.

fE f du is called the Lebesgue integral on f defined on E with respect to u.

We note that 0 < [ f du < oo.

Theorem 3.1.2:

(i) Hosf<gthen[ fdu</[ gdu

(i) IAcBandf=0,[, fdu</[ gdu

(iii)  1f f(x) = 0 for every x in E, then fE fdu=0evenif u(E) = +oo
(iv) Iff=0,and0<c<oo, [ cfdu=c[, fdu.

(v) Ifu(E) =0, fE fdu=0,evenif f(x) = oo for every x in E.
(vi) Iff=0,then [ fdu=/[ xefdu

Proof: (i) - (v) as exercise. For the prove of (vi):

IX XEfdﬂ: IE XEfd#-l-fx\EXEfdu

=, fdu+0=[_ fdu

Theorem 3.1.3: Let s and t be two simple measurable functions defined on X. For

every Ein M, let o (E) = fE s du . Then ¢ is a measure on M and
[, s+)du=[, sdu+ [, tdpu

Proof: Clearly ¢ is a set function. We shall show that ¢ is a measure on M by
showing that ¢ (E) > 0 and for E, E,, E,, ..., € M sych that

E; nEj=0@fori#j, o(Uiz1Ei) = Xiz1 9 (Ep).
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n
o(E) =fsdu=z sit(A; N E) > 0
i=1
E

n
<P(sz1Ej) = sdu= Z,_ISiH(Ai N (Uj»1E)) =20

UjsiE;

But

A; N (Ujz1E)) = Ujz1(4; N E}) = Ujpq Eyj

where E;; = A;NE;jand E;; NEy, =@, forj#p

Thus,

P(Uje1 E) = By si u(Ujer(Eij ) = Biey 8 X jsq 1(Eij)
Yis1 oy si #(Eij) = Yjma1 Xingsi u(4; 0 E;)

=Xiz1 9 (Ep).

Hence ¢ is countably additive and so, it is a measure on M.

Lets =iz, a; xa,and t X7, B Xp; and let E € M. Then
n n
jsd,u+ftdu=z ai,u(AinE)+z But(B; N E)
i=1 j=1

E E

= i=1 &i [IEHAEXAE d# + fEﬂAiC XA,—: dli] +

= Z?:I a; EﬂAiXAi d)u + Z?:lﬁj fEnBjXBj dﬂ
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= [, Claaixa, + i1 Bjxs)d

=J, s+ du

Theorem 3.1.4: (Lebesgue Monotone Convergence)

Let {f,,} A be asequence of extended real valued measurable functions defined on X
such that

(i) 0<fi(x) < fo(x) <..< owforeveryxinX

(ii) ForanyxinX, fu(x) = f(x)asn— oo.

Then fis measurableand [, fodu — [, fdp asn— oo. Thatis

limn—>00 fX fn dﬂz IX (nli—l>noofn )dﬂz IX f d“
Proof: By hypothesis {f,,} is an increasing sequence, and so f;; < fr41-

Thus by Theorem3.1.2 (i), we have [, f,du < [, f,.1du and there exist ae[0, ]

such that [, fdu — aasn — oo.

By Theorem 3.3.6, f is measurable since f = sup,,f,.
We prove that

alimy o[, fadu= [, (nli_r)noofn )d p (3.1.1),
since if equation (3.1.1) holds, then the result follows.

As f, < f, then

fy fodpus [y fdu= [ (lim f,)dp,

and this implies,
fy (lim f)dp < [y fdp= [, (lim f)dp  (3.1.2).

Let us now take a simple measurable function ssuch that 0 < s < f. Also let C be a
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constant such that 0 < C < 1. Define E,, = {x € X: f,,(x) = Cs(x)},n=1, 2... Then
E, are measurable sets since E,, = {x € X: f,,(x) — Cs(x) = 0}and E; C E, C....

Moreover X = Uy~ f,(x) and so, we have

fX fndu = fEnfnduz fEnCsdu forn=1,2, ..

By taking limit as n — oo, we have

lim [ fodu znli_{noonEnsdu

n— co

a= lim [ fodu>C[ sdu

n— co

as ¢ — 1, we have

a= lim [ fodu =/, sdu

n-— oo

Thus,

24 ESHPOSSS]CIX Sdﬂ=fX fdtu (313)

From (3.1.2) and (3.1.3), the result follows.
Theorem 3.1.5: (Beppo Levi’s Theorem)

Let {f,,} be a sequence of measurable functions, f,: X — [0, co] and assume that
f(x) = Zao1 fo (x) forevery xin X, then [ f du = X3, fr du

That is, the integral of sum of functions is the sum of the integral of the functions.

Proof: At first, there exist simple functions s; and s;’ such that s; —f; and s;" > f,

Lets; =s; +s;’, we have s;— f; + f, and by Theorem 31.3 and Theorem 3.14, we
have

fX (fy + f,) du = f (f) dy + f (f,) du

40



The result for n > 2, can be prove by induction.
Theorem 3.1.6: (Fatou’s Lemma)

Let f,,: X - [0,0]X ] CO0, oD be measurable functions for everyn=1, 2, ..., then
fy Clim inffu)dp < limy - oinf [, fudp.

Proof: Let g, = inf;sifi, k=1,2,.. .Thatis g, = inf{f, fe+1, fisrz, -}

Then g, < f, fork < n.Therefore [, grdu< [, fudu fork <n.

By keeping k fixed, we have
Jy gxdp < liminf [ fodp (3.1.4).

Now the sequence {f;,} is monotone increasing, and has to converge to

supgx = limy,q, inf fp.

Hence, by Theorem 3.1.4, we have
f (liminff,)du = lim f fandu
X n-— oo k- oo X

< lim inf du

— 0O
n X

by (3.1.4) and the proof is complete.

4.0 CONCLUSION

The concept of Lebesgue integrals of positive functions over the general measure
space with some of its basic properties has been discussed in this unit. The monotone
convergence theorem and the dominated convergence theorem have been shown to be
very useful and main tools in evaluating the integral of measurable functions over
measure spaces.

5.0 SUMMARY

In this unit we have learnt:
(1) the definition of Lebesgue integral of a positive function over the general
measure space;

(i) the basic properties of Lebesgue integrals;
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(iii)  how to prove some basic results on Lebesgue integrals;

(iv) how to prove monotone convergence theorem. Beppo Levi’s theorem and
Fatou’s lemma.

6.0 TUTOR MARKED ASSIGNMENT

(1)  Prove or disprove: A real valued function f defined on X is Lebesgue integrable
if and only if it is Riemann integrable.

(2) Let
L = (1= H™Mez dx

show that lim,,_,, I,

(3) Let

XE if miseven

fm = {1—)(5 if misodd

where E € X and X is a measurable space. Examine Fatou’s lemma.
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1.0 INTRODUCTION

In this unit, we discuss the Lebesgue integral of complex function over the general
measure space and also prove the dominated convergence theorem.

2.0 OBJECTIVES

By the end of this unit, you should be able to:

e define the Lebesgue integral of complex function over a general measure
space;

e  know some basic properties of Lebesgue integrals of complex functions; and

e  know and prove the dominated convergence theorem.

3.0 MAINCONTENT
3.1 Integration of Complex Functions
We recall that if fis measure, then |f| is measurable.

Definition 3.2.1: A measurable function f on X is said to be Lebesgue measurable (or
summable) if [, |f|du < oo.

We write L' (u) to denote the set of all Lebesgue integrable functions.
Definition 3.2.2: L'(u) = {f:X - C/fX |fdu < oo}, where p is a positive measure
on X is an arbitrary measurable space.
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More generally, if p is non - negative real number, we put L? (1) functions f such
that [, |f|” du < oo. Thatis

LP(w) ={f:X>C/ [, IfIP du< oo},

A function f in LP () is said to be p™ power summable (integrable).

Definition 3.2.3: Let f be an element in L* () such that f = u + iv, where uand v
are real measurable functions on X, for any measurable set E, we define

— + - : + . -
Jp fdpu= [ utdp— [ u dp+if vidp-if, v dp
Theorem 3.2.3: L'(u) is a vector space over the real field. Moreover,
ISEEN A

Proof: Exercise

Theorem 3.2.4: (Dominated Convergence Theorem)

Let {f,,} be a sequence of measurable functions on X. f,,: X— C such that for x in X,
f(x) = lim,,_,, f,,(x). If there exists a function g € L'(u) such that |f,,(x)] < g(x),

n=1,2,...then f € L'(w)and lim [ |f, — fldu=0
n—>oo

That is
limn*OOfX fn dluz fX fdzu'

Proof: Since fis measurable and |f| < g (since|f,,(x)| < g(x)), the fact that
f € L'(u) follows from the fact that g € L' (u)

(since f,, — fand |f,(x)] < g(x), we have |f]| < %mlfn(x)l < g(x). From this,

we obtain |f, — f < |f| + |f] < 2g. Consider the sequence p, = 2g — If, — f1-
By Fatou’s Lemma, we have

Iy (nli_)mooinfhn Ydp < limy L inf [, hydp
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Which gives

Jy 2gdu< [, 2gdp+ lim, o inf (= [, |fu— fldp).
And since g € L' (i), we have
Oglimneooinf (_IX |fn_ f|dl~1),

And so,

0<—limyLsup (J, Ifn— fldw.

This implies

limy s sup (fy Ifo— fldu) <0 (3.2.1).

The left hand side of (3.2.1) must be zero.

Hence
limy oo [, 1f— fl dp=limy_wsup (J, Ifu— fldp=0  (3.22).

But by Theorem 3.2.3, we have

Uy o= D du|< [, 1= fldp

In view of (3.3.2), we have

hmf(&—ﬂd4=o
X

n—oo

and so,

lim [, (fo= Hdp =0,

4.0 CONCLUSION

The integration of complex functions with some of its basic properties has been
discussed in this unit. This led to the introduction of some important function spaces,
e.g. the Lp — spaces. The importance of dominated convergence theorem in evaluating
these integrals was also established.

50 SUMMARY

In this unit we have learnt:
(i)  the definition of Lebesgue integral of a complex function over the general

measure space;
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(i)  the basic properties of Lebesgue integrals of complex functions;

(ili)  how to prove the dominated convergence theorem.
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1.0 INTRODUCTION

Here, we discuss Lebesgue integration of real - valued functions defined on subsets
of R™, we restrict ourselves to n = 1, that R. We first give a brief description of the
way in which the Lebesgue integral is defined on subsets of R.

2.0 OBJECTIVES
By the end of this unit, you should be able to:

o define the Lebesgue integral of a real - valued function defined on the real
line;
o know the equivalent form of monotone convergence theorem and dominated

convergence theorem with respect to the real line instead of the general
measure space;

o know how to use these theorems to evaluate some complicated or complex
integrals.

3.0 MAINCONTENT

3.1 Lebesgue Integration of Real - Valued Functions Defined on R

Definition 3.3.1: A step function f = ¥7'_; B, xg, is a (finite) linear combination of
the characteristic functions where each for such E, is a bounded interval. For such f
we define

ff: Z;}:lﬁrm(Er)

Where m(E..) is the length of E;.
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Afunctionf: R > R is in L' if there is an increasing sequence {f,} of step
functions such that {f,,} is bounded above and f,, = f almost everywhere (a.e.).
For such an f we define

ff = limy, e ffn

A function f:R - R is in A function f:R —» R is in L*(R) if f = p - g, where p, g
For such an f, we define

Jf=1Jp-Ja

Theorem 3.3.2: (Monotone Convergence Theorem)

Let {f,,} be a sequence in L*(R) such that {f,,} is bounded above (below) and {f,,}
is increasing (decreasing) a.e. Then there exists fe L*(R) such that

Jf = limq_ e [ fu
Proof: Exercise

Theorem 3.3.3 (Dominated Convergence Theorem)

Let {f,} be a sequence in L*(R) and g € L*(R). Let f be a real function defined on
R such that f,,(x) = f(x) for almost all x and for all n and all

X € R, |f,(x)| < g(x). Then f € LI(R) and J f = Mnoco [ fr-
Proof: Exercise

Example 3.3.4: Definef: R - R andg: R - R by
xe—Zx if x 20

ﬂx)z{o ifx <0

Use the monotone convergence theorem to evaluate f f .

Solution: For any natural number n, define f,,: R = R by

faln) = €

0 otherwise

—2x if 0=sxsn
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Then {f;.} is a sequence in L (R) and {[ f;} is bounded above since

_ n —Zx : _ne—2n ) e—2n 1
J o= [, xe™? dx=— —+=<

A

Since forall x € R, f,(x) — f(x), it follows from the monotone convergence theorem
that £ € L'(R) and [ f = limy.c, f = 2

Example 3.3.5: Let the function f:R — R be such that, for all natural number n, f
restricted to [-n, n] is Riemann integrable and lim,,_, ., ffnlf(x)l dx exists. Prove that
f € L'(R).

Define g:R —= R by
{cos3x ifx2 0

1+ x2

0 ifx<0
Show that g: R — R by

g(x) =

Proof: For a natural number n, define

fn(x) :{f(X) if—n <x<n

0 otherwise

Then {f,,} and |{f,,}| are sequences in L'(R). The sequence {[|f; |} is bounded above,
since [|f,| = f_nnlf(x)l dx converges, and for all x € R, {|f,,(x)|} is increasing and

converges to | (x)|. Hence, by the monotone convergence theorem, |f| € L'(R). Also,
since f,,(x) = f(x) (x € R) and |f,,(x)| < |f|(x) for all n and for all x € R, the
dominated convergence theorem, applies to give £ € L'(R).

For each natural number n, g restricted to [-n, n] is Riemann integrable and

n n|cos3x
[Clgeldx = [ =25

n 1
< = -1 < —
< fo |1+x2 dx=tan™"'n

Since these integrals are increasing,
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n
limf lg(x)| dx
n—00

-n

Exists and hence g € L'(R).

4.0 CONCLUSION

A detailed description on how Lebesgue integral is defined on the real line and subset of
the real line was given in this unit with some its basic properties. This allows us to give
the equivalent form of the monotone convergence theorem and dominated convergence
theorem on the real line, instead of the general measure space. The examples given in this
unit shows how to apply monotone and dominated convergence theorems to evaluate
complicated integrals over the real line or subsets of the real line.

50 SUMMARY
In this unit we have learnt:

(1)  the definition of Lebesgue integral of a real-valued function over the real line;

(i)  the equivalent version of monotone convergence theorem and dominated
convergence theorem with respect to the real line instead of the general measure
space;

(iii))  how to use the monotone convergence theorem and the dominated convergence
theorem to evaluate some complicated or complex integrals .

6.0 TUTOR MARKER ASSIGNMENT

1. Let k be a positive constant. Define f:R - R and g: R = R by

xe—kx if x =0

f(x):{o if x <0
and
ex
0 ifx <0
(i) Use the monotone convergence theorem to show that £ € L'(R)
(i)  Evaluate [ f
(iii) Showthatforx>0, g(x) =x(e™*+e > +e™ 3% +...)
(iv) Deduce that g € L'(R)

g(x):{—— 1ifx>0
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2. By considering the sequence of partial sums, show that the real function f defined
by the series

oo X
)= 21y 02 <1)

isin L'([0,1]) and that
1 1N 1
fo f(x)dx = Eznzl—l n nZ
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