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1.0 INTRODUCTION

This unit is devoted to measures and integrals on product spaces. We shall study the
basic facts about product measures and about the evaluation of integrals on product
spaces.

2.0 OBJECTIVES

By the end of this unit, you should be able to:

o Know what the product Spaces are;

o Some basic facts about product spaces;

° know what the product measures are;

o know how to evaluate integrals on product spaces.

3.0 MAIN CONTENT

3.1 Product Measures and Product Spaces

Definition 3.1.1: Let (X, M) and (Y, M, ) be measurable spaces and let X x Y be
the Cartesian product of the sets X and Y. A subset of X X Y is called a rectangle
with measurable sides if it has the form A x B for some A in M, and B in M,; the
o — algebra on X X Y generated by the collection of all rectangles with measurable
sides is called the product of the o — algebra on M, and M, and is denoted by
My X M, .
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Example 3.1.2: Consider the space R? = R x R. We show that the product o —
algebra B(R) x B(R) is equal to the o —algebra B(R?) of Borel subsets of R?. We
recall that B(R?) is generated by the collection of all sets of the form (a, b] x (c,d].
Thus B(R?) is generated by a subfamily of the ¢ — algebra B(R) x B(R), and so is
included in B(R) x B(R). For the reverse inclusion, let ;and 7, be projections of
R? onto R, defined by m;(x, y) = x and 7, (X, y) =Y.

m,and m, are continuous, and hence Borel measurable. It follows from this and the
identity

AxB=(AXR)N(RXB)=m,""(4) nm,” (B)

that if A and B belongs to B(R), then A x B belongs to B(R?). Since B(R) x B(R)
is the o — algebra generated by the collection of all such rectangles A x B, it must be
included in B(R?). Thus B(R) x B(R) = B(R?).

We next introduce some terminology and notation. Suppose X and Y are sets and E is
a subset of X x Y. Then for each x in X and each y in Y, the sections E, and gy are

the subsets of Y and X given by
E,={y €Y:(xy) €EE}

and
EY = {x € X: (x,y) € E}.

If fis a function on X X Y, then the sections f, and £y are the functions on Y and X
given by

) =f(xy)

and
) =fxy)
Proposition 3.1.3: Let (X, M,) and (Y, M, ) be measurable spaces.

) If E is a subset of X x Y that belongs to M, x M,, then each section E belongs
to M, and each section py belongs to M.

(i)  Iffisan extended real-valued (or a complex-valued) M, X M, - measurable
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function on X X Y, then each section f, is M), -measurable and f” is M-
measurable.

Proof: Exercise

Proposition 3.1.4: (X, M, u) and (Y, M,,v) be o —finite measure spaces. If E
belongs to the o —algebra M, x M,,, then the function x — v(E,) is M- measurable
and the function ¥ = p(g>) is M, - measurable.

Proof: Exercise
Theorem 3.1.5: (X, My, u) and (Y, M,, v) be o — finite measure spaces. Then
there is a unique measure u X v on the o —algebra M, X M, such that

(uxv)(A x B) = u(A)v(B)

holds for each A in M, and B in M,,. Furthermore, the measure under u X v of an
arbitrary set E in M, X M, is given by

(L xv)(E) = [, v(Ey) uldx) = [, u(E¥)v(dy).

The measure u X v is called the product of u and v

Proof: Exercise

4.0 CONCLUSION

The concepts of product measures and product spaces with some of their basic
properties have been studied in this unit. These led to the information about integration
on product spaces.

50 SUMMARY
In this unit we have learnt:

() definition of product spaces and product measure with example;
(if)  some basic results on product spaces and product measures;
(ili)  the evaluation of integrals on product spaces

6.0 Further Reading and Other Resources

B. Nicolas, Integration I, Springer Verlag, ISBN 3-540-41129-1 Chapter 3.(2004)
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1.0 INTRODUCTION

In this unit, we discuss a proposition and the Fubini’s theorem. These results enable
us to evaluate integrals with respect to product measures in terms of iterated integrals.

2.0 OBJECTIVES
By the end of this unit, you should be able to:

e  know the Funini’s theorem; and

e how to evaluate integrals with respect to product measures in terms of the
iterated integrals.

3.0 MAINCONTENT
3.1  Fubini’s Theorem

Proposition 3.2.1: (X, M, u) and (Y, M, v) be o — finite measure spaces, and let

f:X X Y - [0,+] be M, X M, -

measurable. Then

(i)  Thefunctionx > [, fedv is M, - measurable and the function y — [, f”du
is M, - measurable, and

(i)  fsatisfies

fo oy fACu xv) = [, (J, fYdw) v(dy)
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= Jy Uy fedv) p(d).

Remark: We note that the functions f,, and f” are non-negative and measurable

(see Proposition 3.1.3, Module 5, unit 1); thus the expression fY f,dv is defined for

each x in X and the expression fX fYdu is defined for eachy in Y.

Proof: First suppose that E belongs to M, x M, and that f is the characteristic
function on E. Then the sections f, and f” are the characteristic functions of the

sections Ex and gy, and so the relations [ £ 4y — v(E,) and [ fYdu = u(EY)
hold for each x and y. Thus Proposition 3.1.4 and Theorem 3.1.5 of Module 5, unit
1, imply that conditions (i) and (ii) hold if f is a characteristic function. The
additivity and homogeneity of the integral now imply that they hold for non-negative
simple M, x M, - measurable functions, and so, they hold for arbitrary non-

negative M, x M, - measurable functions.

Theorem 3.2.2 (Fubini’s Theorem)

(X, M, u) and (Y, M,,v) be o —finite measure spaces, and let

f: XX Y - [—o0,+00], be M, X M,, — measurable and u X v — integrable.
then

Q) for u -almost every x in X the section f, is v -integrable and for v -almost every
y in'Y the section f” is u-integrable,
(i)  the relation

fXfod( pX L”) = fy (fX fyd#) dv
= fX (fy fxdv) dli
holds.

Proof: Exercise

4.0 CONCLUSION

The Fubini’s theorem and some of it consequences have been studied in this unit. In
particular, it enables us to evaluate integrals with respect to product measures in terms of
iterated integrals.
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5.0 SUMMARY

In this unit we have learnt:

(1 the Fubini’s theorem;
(i) how to evaluate integrals with respect to product measures in terms of the iterated
integrals.

6.0 TUTOR MARKED ASSIGNMENT

1. Let A be Lebesgue measure on (R, B(R)), let u be counting measure on (R, B(R)),
and let f:R? — R be the characteristic function on the line
{(x,y)eR?: y = x}. Show that

Il £ )uldy) Adx) = [f f(x,y)A(dx) ud(dy).

2. Suppose that f: R? - R is defined by

1 ifx 20andx <y<x+1
fixy)=4—1 ifx 20 andx+1 <y<x+2
0 otherwise

Show that [[ (x, ¥)-1(dy) -1(dx) # [[ (x y)-1(dx) -1(dy). Why does this not contradict

the Fubini’s theorem.
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SELF ASSESSMENT QUESTIONS

1. (a)i. Define the following terms:
A. measure of a bounded open set G,
B. measure of a bounded closed set F,
C. inner measure of a bounded set E, and

D. outer measure of a bounded set E.

Ii. Let A and B be bounded sets such that A C B, prove that m*(A) < mx*(B)

where m*(A) and m*(B) are the inner measure of A and B respectively.

(b) Show that the measure of a union of a finite number of pairwise disjoint closed
intervals equal the sum of the length of these intervals.

2. (a) Define the following terms:

I. o-algebra,

ii. Borel o-algebra on R,

Iii. measurable space,

iv. set function,

v. additive set function,

vi. countably additive set function,
vii. measure and

viii. measure space.

(b) i. Let (X, M, u) be a measure space and let A, B € M such that A C B, show
that

H(A) = u(B)
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ii. Let (X, M) be a measure space. If A, B € M, show that A — B € M.,
iii. LetX={1,2,3,..}and M ={®d, X, {1, 3,5, ..}, {2, 4,6, ..}}.

Prove or disprove that M is a s-algebra on X.

3. (a) Let (X, M, ) be a measure space. When is u said to be
I. finite?

i. o-finite?

If {4, } is an increasing sequence of sets that belong to M. show that

U UAk = limy (Ax)

k

(b)  let (X, M, ) be a measure space. If E¥ € M, u(E,,) < o and E;,,; < E,, show
that

U (ﬂ Ek) = limy o, (Ey)

k=1
4. (a) let (X, M) be a measure space and let A € M.

When is a function f: A - [—o0, +0] said to be measurable?

Let fand g be [—o0, + ] - valued measurable functions on A. show that
I. Max (f, g) is measurable
i. Min (f, g) is measurable

(b) 1. let (X, Mx,) and let (Y, My,), be a measure space. When is a function
f: (X, Myx) — (Y, My,) said to be measurable?
ii. let (X, My,), (Y, My,) and (Z, M_,), be a measure space and let

f: (Y, My,) — (Z, Mz)) and g: (X, Mx) — (Y, My,) be measurable. Show that
fog: (X,M,) — (Z,M,) is measurable.

iii.  Let (X, M) be a measurable space and (Y, 7) be a topological space. Let
f:X — Y show that if f is measurable and E is any close subset of Y, then
fYE) e M.

5 (a) 1. Give a brief description of the way in which the Lebesgue integral is
defined. Start with the definition of step function and progress through
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functions in L*(R). State the general LP (R) and the norm that is defined on
itforl<p<oo.

il State the Monotone convergence Theorem and the Dominated Convergence
Theorem for integrals.

(b) Letk be a positive constant. Define f: R — R by

f(x)=xe ™ if x>0 and f(x)=0 if x<O0
and

x
g(x)=ex_1ifx20andg(x)=0ifx<0

i. Use the Monotone Convergence Theorem to show that f € L*(RR), and
evaluate f. ii. Show that, for x > 0,

g(x) =x(e ¥+ e *+e ¥+ ..)iii. Deduce that g €
L'(R), and evaluate g.

6.(a) 1. Let | be a measure on a o-algebra M. When do we say that a property P occurs
almost everywhere on E € M?

ii. Let f and g be two measurable functions, when do we say that f and g are
equivalent?

iii. Prove that if f € L? (Q)NL%Qwith) 1 <p <q, then for any p <r <q, we have
Ifll- < NFIGIANG

(b) Let p; and p; be positive real numbers such that

1_ 1 1 .
1 ,
> + o and f1, /2 are functions

such that 71 € 1#1(Q) and _f2 € 1#2(Q). Show that

i. f=/if € LP(Q) and
i Nflle < Nfllpe-Ifllpz
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7. (a) Define the term null set.
Prove that every countable subset of R 1s a null set.
(b) State the monotone convergence theorem for integrals.

Define 7: R — R by

S =xe Zif x=20, Ax)=0 if x<O.
Use monotone convergence theorem to evaluate /7
(c) State Lebesgue’s dominated convergence theorem.
Let the function #: R — R be such that, for all » € N, f[[_ nn] 15 Riemann mtegrable
and lim,—co / I f(x)ldx exists. Prove that #"€ L!(R).
Define g: R — R by

_ cos3x )
8(x)_m ifx=20 gx)=0 ifx<N0.

71



Show that g € L(R).

2. (3} 5late moaotone comvergence theoterm By considering the sequence of partial sume, show
that the real fanchon ™ defined by the series

A= . Ex=1)

(1 a2y

iz im L'[D, 1] and that

L = 1
Dﬂx}dx=

E

2 ., l+n?

(b} Seate the Drminsted Comversence Theorem. Let #°c L'[0, 1] and F be the fimcton on
[0.1] defined by i |

Fix)= o STd= p:-.uﬂ"“]dﬂ'

If {x,} ic a saquence in [0, 1] such that m . x, = § show that Jjg ., (T = g, ij(zj

as n — oo for f= ﬂ- Hence chomr that Fx.) —*Fl:}_l] as g — oo

D, (a) State the Menotene Convergence Theorsm TTze it to prove that the funcben # =hen by
R .
“'ﬁﬂ_l+x" Faxz=0 =0 Fx=10

is im L'{%).
(b} State the Dimipated Coovergence Theorem Use it to show that
[ . A
i D =g
s g 11—
{c) Show that "u‘f' log(x)dx= forr for inmtegers m = 1. Show that
CTxlogx) , _ T (L
p l+x oy b+ 1

stating clearly which resalts of intestation are nied fo josify the calculation

10, {a) 5tate the Monotone Comeergence Theoter By considering the sequence of partial sums,
show that the real fmcton # defined by

o]
= x™ (frmx= 1) =0 fMrxnor—jy —[0.1)

o= |

is in L'(%) and that i -

b D I
JFie = .
i d—I.H! +1

(b) State the Dominated Convergence Theorem. Use it to show that if f is a bounded

continuous real function on R, then

X

lim,,_,o, = 76 gy = £(0)

n’R 14x2
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