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1.0 INTRODUCTION

Having gone through scalar or dot product, vector on cross product, there is need to
ask the question, what if you have more than one vector to multiply. This is the
purpose of this unit. Not only will you have to learn low to get triple products, but

you will have to differentiate between the dot and the cross products when it
come to triple vectors.

You should take note of the “order' in which results are given.
20 OBJECTIVES

At the end of this unit you should be able to:

o find the scalar triple products
. calculate correctly the volume of a parallelepiped given the sides as vectors.
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3.0 MAINCONTENT

3.1 The dot and cross product of three vectors

The dot and cross multiplication of three vector u, v and w may produce meaningful
products of the form (v . v), u. (v x w) and u x (v x w). From examples and exercise
you will learn how to evaluate these products.

3.2 Laws of triple products.
The following laws will guide you in your attempts at calculating triple products.

1. (u.v) w=u (v x w). This implies read the question carefully to
recognize the order of the vectors in the products.

3.3 Scalar triple products or box products

2. u. (vxw)=v.(wxu)=w. (u.v) you should observe, once again the order
or right - hand rule in these product (uvw), (vwu), (wuv) and note that since
(u x V) =-vXxu, you cannot effort to do things your own way.

These results u. (v x w) = v. (w x u) = w. (u.v) you will refer to as the scalar
triple products or box product.

3.4  Volume of parallelepiped.

The scalar triple products or box products u. (v x w) = v. (w x u) = w. (u.v) also
represents the volume of a parallelepiped having u, v and w as edges, or the negative
of this volume, according as u, v and w, do or do not form a right - handed
system.

3.5 Box products in components forms

Analytically, letu = u, i + uj + uk, v =vj + vj + uk, and w = wj+ wk.
Thenu. (vxw)= u Uz Us

V1 \'/) V3

W1 W2 W3

Determinant of the matrix formed by the coefficient of the 3 vectors u, v and w in
component form.
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You can continue the laws now.
3. ux(vxw)=(vxw)Xxw, ie. You cannot use the associative law for cross
products.

3.6 Vector triple products

ux(uxw)=(v.w)Vv-(u v)wand

(Uuxv)xw=(uw)v - (v.w)u

The product u . (v x w) you should refer to as the scalar triple products or box
product [u, v, w], but the product u x (v x w) should be referred to as the vector
triple products. You should also note that you could write u . (v X w) as u . (v X w).
However you cannot have out the brackets in vector triple product u x (v x w).

Example 1
Evaluate (2i - 3j) . [(i +]j - k) X (3i - K)]

Solution

Wk N -

-3
1 -1
0
= 2(-1-0) + 3(-1 - (-3) + 0 (0-3)

=-2+3(-1+3)+0

=-2+3(2)

Note that 2i - 3j = 2i - 3j + Ok and 3i — k = 3i — k = 3i + 0j - k

Example 3

Prove that (u X v). (v X w) X (W X U) = (U. vV X W)?
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Solution

Letavectorp=vxw

Thenpx (wxu)=w (p.u)-(p.Vv)Substitutep =vXxw to get,
=(vXWw) X (wxu)

=w (VXw.u)—u((uxw.w)

=W (U.VXW)—U(V.wXxXWw)

=w (u. vxw) And so you have,
UxV).(vxw)xwxu)=(Uuxw).w(u.vxw)
=(uxv.w)(u.vxw)

= (u. vxXw)2

Example 4

Givenu=i-2J-3k, v=2j-kand w=1i+3j-2k,find. (a) (uxv)xw(b)ux(vx
w)

Solution
@ @uxv)yxw=Uu.w)v-(v.w)u

@xh+(-2x3)+(-3x-2)v-2x N+ (1 x3)+(-1x-2)u
1-6+6)2i+j-k)-(2+3+2)(i—2j-3Kk)
(2i +j - K) - (7i - 14j - 21K)
|(2-7)i+(1+14))+(-1+ 2Dk |
| -5i + 15 + 20K |
5| -1 + 3j + 4k |
5V(-1)2 - 32 +42

V26
(b) [ux (vxw] = [(u.w) v - (u.v) w]
u=i-2j-3k,v=2i+j-kw=i+3j-2k
={(1xD)+(-2x3)+(-3x-2v-{(1x2)+(-2x1)+(Bx-1}w
|(1-6+6)(2Qi+j-K)-(2-2+3)(i+3j-2K)|
| (21 +j-K) - (3i+9j-6k)|
[(2-3)i+(1-9)j+(-1+6K)]|
| (-i - 8] +5K) |
V(-1)2+ (-8)2 + (5 )2
V1+64+25

V00
3v10
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4.0 CONCLUSION

Vector can be multiplied in triples.

You have the scalar Triple product, which will give you a scalar result. You can
represent the scalar triple product as the determinant of the matrix formed by the
coefficient of the three vectors involved.

The right-handed system must be taken into consideration when writing out the
order of the scalar Triple or box product and the vector Triple product.

You, using the absolute value of scalar triple product of the vectors
representing the adjacent sides can calculate the volume of a parallelepiped.

5.0 SUMMARY

o u.(vxw)=v.(wxu)=w. (uxv)is the scalar triple products of vectors
u, v, and w and you could write it as a box product (uvw)

o It represent the determinant of the (3 x 3) matrix formed based on the
coefficients of the components of the three vectors

o Its absolute value represents the volume of a parallelepiped with the
adjacent sides, as the three vectors

o The vectors are coplanar when it is zero

o The vector triple products are

ux (vxw)=(uw)v-(u.v)wand (uxv)Xxw= (U w)Vv-(V.w)u.
6.0 TUTOR- MARKED ASSIGNMENTS.
l. Ifu=i-2j- 3Kk, v=2i+j-kand w=i+3j-2k
Find

@  2u.(vx3w) (b) (Bux2v).(w)
(c)  Find the volume of the parallelepiped with adjacent sides as u, v, and w.

7.0 REFERENCES/FURTHER READING

Keisler, H.J. (2005). Elementary Calculus. An Infinitesimal Approach, 559
Nathan Abbott, Stanford, Califonia, USA.

Wrede, R.C. and Spegel M. (2002). Schaum’s and Problems of Advanced
Calculus, McGraw — Hill N. Y.
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1.0 INTRODUCTION

In this unit, you will be introduced to the second type of triple products, which
are the vector triple products.

It should be quite easy for you to recognise the difference between the two types
of triple products.

You should take advantages of the use of determinants of matrices in calculation,
even if it means revising matrices.

The reciprocal sets of vectors put an end to your study of vector algebra.

20 OBJECTIVES

At the end of this unit, you should be able to:

. find with ease the vector triple products
o calculate correctly the set of vectors reciprocal to a given set.
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3.0 MAINCONTENT

3.1 Coplanar vectors

The necessary and sufficient condition for the vectors u v and w to be coplanar is
thatu.vandw=0.

Example 2

Find the constant p such that the vectors 2i - j + k, i - 2j - 3k and 3i + pj + 5k are
coplanar.

Solution

The product u . v x w = 0 for the vectors to be coplanar.

i k

2 -1 2

1 2 -3

3 p 5 =0

L 2(10+3p)+1(5+9)+1(p-6)=0
=20+6p+14+p-6=0
=6p+p+34-6=0

=7p+28=0

p=-28

P=-4

3.2 Another look at scalar and vector triple product

You should note that the scalar triple products of three vectors u, v x w is a scalar.
While the vector triple product will yield a vector.

The scalar triple product of u, v w could be definedasu . (vxw)=/u/vxw/cos
Bwhere B is the angle between u and the vector v x w. Now you can see why
it is scalar. The scalar triple product u . (v X w) can also be interpreted by you as the
components of u  along v x w. The geometrical meaning of the scalar triple
product is that its absolute value represent the volume of a parallelepiped with u , v
and w as adjacent sides.

The magnitude of the scalar triple products u, (u x v ) is equal to the volume of the
parallelepiped having sides u, vand w .
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3.3 Properties of the scalar triple products

If you inter change two rows of matrices the sign is reversed for the
determinate. And so you have u, (vxw)=-u. (vXWw)=-u. (w X V) Interchanging
the rows twice you get u. (v xw) =v. (w X u) =w. (U X V).

The geometrical significance of this result is that these three products represent the
same volume. And since dot product is commutative, you can write u, (v X w) = (v X
w). U = (u x v). w and for any constant k, [k u. (v xw)] =k [u. (vxw)]

If u. (v x w) = 0, then the volume of the parallelepiped is zero and so u. (v X w) and
coplanar, as already discussed i.e. they lie on the same plane.

3.4 Equal vectors in scalar triple products
Since u x v is perpendicular to u from definition of cross product, then u. (u x v) = 0.

In other words, if any two vectors in the scalar triple products are equal it
becomes zero.

SELF-ASSESSMENT EXERCISE 1

The volume of a tetrahedron is one sixth of the volume of a parallelepiped the three
sides of a tetrahedron are given by u = 2i + 3j - 4k, v =i + 2j-k and w = 2i + 3j + 4k

Find the volume of the tetrahedron.

Solution
Volume 1/6|i

J
2 3
1 2 -1
2 3
=1 |2(8+3)-3(4+2)-4(2-4)]|
= 1/5 | 2(22-18+4) |
=26-18

6
=8

6

=1%; cubic units
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Example 3
Prove that (u x v). (v x w) x (w x u) = (u. (v X w)?
Solution

Letavectorp=vXxw

Then p x (W x u) =w (p. u) - (p. w) Substitute p =v X w to get,
(Uxw)x(wxu)=w(VvXw.u)—u(VXWw.w)

=W (U. vXWw)—u(u. wxw)

=w (u. vxw) And so you have,

(Wxv). (vxw)xwxu)=(Uuxv).w(u.vxw)

=(UXxVv.w) (u.vxw)

= (u. v X w)2

Example 4

Givenu=i-2j-3k, v=i-kand w=i+3j-2k,find. (a) (uxv)xw
(b) ux (vxw)

Solution
@ (uxv)xw= (u.w)v-(v.w)u
=(IxD)+(-2x3)+(-3x-2)v-(2x1)+(1x3)+(-1x-2)u
=(1-6+6)Ri+j-K)-2+3+2)(i-2j-3Kk)
=(2i +j - k) - (7i - 14j - 21Kk)
=[2-7)i+ @ +14)j+ (-1+21)K]
= [-5i + 15j + 20K]
=5 [-i+ 3] + 4K]
= Z/(_1)2_32 + 42

="/,
(b)  [ux(vxw]=[(u w)v-(u.v)w]
u=i-2j-3kv=2i+j-k, w=i+3j-2k
={(1x1)+(-2x3) +(-3x-I-1(1x2) + (-2x 1) + (3 -L)w
=|(L-6+6)(2i+j-K) -(2-2+3)(i+3j-2K)|

=|(2i+]j-k)-(3i+9j-6K)|
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=1(2-3)i+(1-9)j+(-1+6k)|

= [-i - 8] + 5K]

=V-1)2 + (-8)2 + (5)2
=V1+64+25

=90

=3v10

SELF-ASSESSMENT EXERCISE 2

Ifu=i-2j-3Kk, v=2i+j-kand w=i+3]-2k
Find (a) u. (v.w) (b) (uxv)w

Solution

@u.(vxw) = i J k
1 -2 -3
2 1 -1
1 3 -2

=1(-2+3)-2(-4+1)-3(6-1)
=1(1)+2(-3)-3(5
=1-6-15

= -20

(b) (uxv).w=w. (uxv) (dot product iscommutative.)

Thereforew. (uxv) =i J k
I 3 -2
1 -2 -3
2 1 -1

=1(2+3)-3(-1+6)-2(1+4)

=1(5)-3(5)-2 ().
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=5-15-10
=5-25
=-20

Finally, you should note that the necessary and sufficient condition that u x (v x w)
= (ux V) xwiswhen (Uuxw)xv=0

3.5 Reciprocal sets of vectors

You refer to the sets of vectors u, v and w, and u, v and w as reciprocal sets of
systems of vectors if

u.u=v.vi=w, wl=1and
ubLv=ul.w=viu=viw=wlu=wlv=0
In other words, the dot product of reciprocal sets of vectors is 1.

You can easily remember this by recalling that the product of a number and its
multiplicative inverse e.g.  x 3/2is 1, the multiplicative identity.

You can also use the cross product to define the reciprocal sets of vectors. The
sets u v w and ul, vt and wt are reciprocal sets of vectors if and only if

VXW V' =WXU andw'=uxv

u'=
u.vxxw u.vxw u.vxxw

Where u. v x w #0.

You should take note of the denominators, which are all the same and are the box
product of the vectors.
3.6 Properties of the reciprocal sets of vectors

Given the vectorsu= vxXw, v=wXxu and
UVXW UVXW

Withu.vxw #0
Then
@uu=v.v=w.w=1
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)u.v=v.w=0,v.u=v.w=0w.u=wxv=0.(c) Ifu.vxw=a, thenu'. v 'x
w' =1,
(d) u', v and w are non-coplanar. Or if u.v x w #0, then u.v x w #0.

SELF-ASSESSMENT EXERCISE 3

Find a set of vector reciprocal to the set
2i + 3j - k, i—j- 2k, -i + 2j + 2k.

Solution:

Letu=2i+3j-k, v=i—j-2k w=-i+2j+2k

U, =vXxw, V,=UXW, W,=UuUxy
u.vxw u.v X w u.vxw
UXvs= I J k
2 3 -1
1 -1 -2
=(-6-1)i-(-4+1)j+(-2-3)k
=-7i+ 3j - 5k
V XW= i J k
1 -1 -2
-1 2 2
=(-2+4)i-(2-2)j+(2-1)k
=2i+k
UxXw= I J k
2 3 -1
-1 2 2
=(6+2)i-(4(-1))+ (4 +3)k
=8i -3j +7k
U.vXw= i ] k
2 3 -1
1 -1 -2
-1 2 2
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=2(-2+4)-3(2-2)-1(2+1)

=4-0-3

=1

u=2i+k, w=-7i+3j-5k. v=8i-3j+7k
Or

u= i+ Kk, vV'=84i-5+7/5k W’ =T/31 +j - 5/3K.

4.0 CONCLUSION
Vector can be multiplied in triples.

You should, however be very careful which product you are involved with, and so
what formula to use.

The necessary and sufficient condition for the vectors u, v and w to be
coplanar is that u.v x w = 0.

The scalar triple products uv x w can Dbe interpreted by you as the
components of u along v x w.

To complete the vector algebra, you were given the sets of vectors reciprocal to a
given set of vectors, just like the inverse of a number in the Real number system.

5.0 SUMMARY

o u (u x v) = 0. i.e. the Scalar triple products is zero if any two of the vectors
are equal.
J (Ux V). (vXw)x(wxvV)=(uvxw)?
. The necessary and sufficient condition that (u x v) Xx w = u X (v X w) is (u X
w) xv=0.
° The reciprocal Sets of vector u.v, w are
U=VvVXW, V=UXW, W=UuxVv
u.(v x w) u.(v X w) u.(v x w)
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6.0 TUTOR- MARKED ASSIGNMENTS

1. Ifu=3i-j-2k andv=i-2j-4kandw=2i+j-3k.
Find (u x v) x w.
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