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1.0 INTRODUCTION

A vector could be defined as a quantity which has both magnitude and direction. The
vector a may be represented geometrically by an arrow of length @ drawn from any
point in the appropriate direction. In particular, the position of a point P with respect
to a given origin O may be specified by the position vector r drawn from O to P.

2.0 OBJECTIVES
At the end of this unit, you should be able to:

define a vector.

freely discourse some elementary properties of vector.
know about vector product.

know about differentiation and integration of vector.
know about Gradient, Divergence and Curl.

know about integral theorem.

know about Curvilinear Co-ordinates.
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3.0 MAINCONTENT

3.1 Definition and Elementary Properties

A vector a is a quantity specified by a magnitude, written a or
lal, and a direction in space. It is to be contrasted with a scalar, which is a quantity
specified by a magnitude alone. The vector a may be represented geometrically by an
arrow of length @ drawn from any point in the appropriate direction. In particular, the
position of a point P with respect to a given origin O may be specified by the position
vector r drawn from O to P.

Any vector can be specified, with respect to a given set of Cartesian axes, by three
components. If x,3.z are the Cartesian co-ordinates of P, then we write r = (x,.2),
and say that %.».z are the components of r. (See Fig. A.l.). We often speak of P as
‘the point r’. When P coincides with O, we have the zero vector 0 = (0, 0, 0) of length
? and ]indeterminate director. For a general vector a, we write a =
Ry, Ay, 0z]

The product of a vector a and a scalar c is ca = (caxcaycaz) |fc> 0, it is a vector in
the same direction as a, and of length ca; if ¢ <0, it is the opposite direction, and of
length Icla. In particular, if ¢ = 1/a, we have the unit vector in the direction of a written
as,a=alx .

Addition of two vectors a and b may be defined geometrically by drawing one vector
from the head of the other, as in Fig. A. 2. (This is the ‘parallelogram law’ for addition
of forces). Subtraction is defined similarly by Fig. A.3. in terms of components,

a+b=(ax+b.a,+b,a.+b.)

It is often useful to introduce three unit vectors i, j, k, pointing in the directions of the
X7,y Z— axes, respectively. They form what is known as an orthonomal triad — a set
of three mutually perpendicular vectors of unit length. It is clear from Fig. A.1 that
any vector r can be written as a sum of three vectors along the three axes.

R = xi + vj + zk. (1)

If & is the angle between the vectors a and b, then by elementary trigonometry the
length of their sum is given by

[+ b]F =a®* +b*+2ab cos 6,
It is useful to define the scalar product a.b (a dotb) as

a.b =ab cos & (2)
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Note that this is equal to the length of a multiplied by the projection of b on a, or vice
versa.

In particular, the square of a is:
a* = a.a = a®. (3)

Thus we can rewrite the relation above as

(a+b)® = a*+b*+2a.h,
And similarly

(a-b)? = a*+b*-2a.b.
All the ordinary rules of algebra are valid for sums and scalar products of vectors,
save one. (For example, the commutative law of addition, a + b = b + a is obvious
from Fig. A. 2, and the other laws can be deduced from appropriate figures). The

exception is the following: for two scalars, the equation @2 =0 implies that either
a=0or b=0 (or, of course, that both = 0), but we can find two non-zero vectors for
1

which a.b = 0. In fact, this is the case if72" , that is if the vectors are orthogonal:

ab=0ifa-lb,
(i.e vector a is perpendicular to vector b)

The scalar products of the unit vectors i, j, k are
iP=j?=K=1, ()
Thus, taking the scalar product of each in turn with (1), we find
Lr=x, jr=y, kr=z (5)

These relations express the fact that the components of r are equal to its projections on
the co-ordinate axes.

More generally, if we take the scalar product of two vectors a and b, we find
a.b = ab, + aby + a,b,, (6)

and, in particular,
1> = r* = X*+y*+2%, )
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3.2 The Vector Product

Any two nonparallel vectors a and b drawn from O define a unique axis through 0
perpendicular to the plane containing a and b. It is useful to define the vector product
a Ab (‘a cross b’, sometimes written a X b) to be a vector along this axis whose
magnitude is the area of the parallelogram with edges a, b,

laA bl =ab sin 8 (8)

(See Fig. A.4.). To distinguish between the two opposite directions along the axis, we
introduce a convention: the direction of aAb s that in which a right-hand screw would
move when turned from a to b.

A vector whose sense is merely conventional, and would be reversed by changing
from a right-hand to a left-hand convention is called an axial vector, as opposed to an
ordinary or polar vector. For example, velocity and force are polar vectors, but angular
velocity is an axial vector (see 85.1). The vector product of two polar vectors is thus
an axial vector.

The vector product has one very important, but unfamiliar, property. If we interchange
a and b, we reverse the sign of the vector product,

bAa = —aAb. 9)

It is essential to remember this fact when manipulating any expression involving
vector products. In particular, the vector product of a vector with itself is the zero
vector,

ara=0.

More generally, @A b vanishesif & =0orT

afha =0 if allb.

If we choose our co-ordinate axes to be right-handed, then the vector products of i, j, k
are
iAi=jAj=kAk=0,

ink =k jAi =k, (10)
jAk=1, kAj=—i,
kAL=], iAk=—].

Thus, when we form the vector product of a and b we obtain

anb=ila,b, —a.b,)+jlab, —a,b)+kla.b, —a,b.)
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This relation may conveniently be expressed in the form of a determinant.

i
Qy
by

dz

k
aAb=
b

J
ﬂj.
by b,

. (11)

From any three vectors a, b, ¢, we can form the scalar triple product
(@nb).c . Geometrically, it represents the volume V of the parallele-piped with

adjacent edges a, b, c. (See Fig. A.5.) For, if @ is the angle between cand @A b | then
(@Aab)lc=laAblc cos p=Ah=T,

Where A is the area of the base, and h = ¢ cos @ is the height. The volume is
reckoned positive if a, b, ¢ form a right-handed triad, and

di
Fig. 5 C

Negative if they form a left-handed triad. For example, Gt Aj.k= 1. but €A k).j = —1.

In terms of components, we can evaluate the scalar triple product by taking the scalar
product of ¢ with (A.11). We find

a, ay a;
by by be|.

Ce Cy

(aablc=

™

=

(12)

Either from this formula, or from its geometrical interpretation, we see that the scalar
triple product is unchanged by any cyclic permutation of a, b, ¢, but changes signs if
any pair is interchanged,

(aablc=((dAacla=(Aa)b

=-baalc=—-abla=—-(@nacdb. (13)

Moreover, we may interchange the dot and cross,

GAbc=am(dAc) (14)
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(For this reason, the more symmetrical notation [a, b, c] is sometimes used for the
scalar triple product.)

Note that the scalar triple product vanishes if any two vectors are equal, or parallel.
More generally, it vanishes if a, b, ¢ are coplanar.

We can also form the vector triple product (@A b)Ac. since this vector is perpendicular
to aA b, it must lie in the plane of a and b, and must therefore be a linear combination
of these two vectors. It is not hard to show, by writing out the components, that

(cAB)Ac=bla.c)— ald.c). (15)
Similarly,
an(Ac)=bla.c) - cla. b). (16)

Note that these expressions are unequal, so that we cannot omit the brackets in a
vector triple product. It is useful to notice that in both these formulae the term with
positive sign is the middle vector b times the scalar product of the other two.

3.3 Differentiation and Integration of Vectors

We are often concerned with vectors which are functions of some scalar parameter,
for example the position of a particle as a function of time, r(t). The vector distance

travelled by the particle in a short time interval
Af s

Ar =7t + AL) — (),

(See Fig. A.6.). The velocity, or derivative with respect to t, is defined just as for

scalars, as the limit of a ratio,
dr . Ar

f=ar- aSac (17)

In the limit, the direction of this vector is that of the tangent to the path of the particle,
and its magnitude is the speed in the usual sense. In terms of co-ordinates,

T-" - ﬁj J'.:'.l Z}.

Derivatives of other vectors are defined similarly. In particular, we can differentiate
again to form the acceleration vector 7.

It is easy to show that all the usual rules for differentiating sums and products apply
also to vectors. For example,

db

d da
—_ anb =T.ﬂb aA—
at( ) dat + dat
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Though in this case one must be careful to preserve the order of the two factors,
because of the antisymmetry of the vector product.

Note that the derivative of the magnitude of r, dr/dt, is not the same thing as the

[r
magnitude of the derivative IE . For example, for a particle moving in a circle, r is
constant, so that = 0. but clearly I¥l is not zero in general. In fact, applying the rule
for differentiating a scalar product to 7*. we obtain

d . d .
2rr=— @)= @*)=2r.7
a7 0= %)

Which may also be written

F=fr (18)

Thus the rate of change of the distance r from the origin is equal to the radial
component of the velocity vector.

We can also define the integral of a vector. If v = dr/dt, then we also write
= IL" dt,

and say that r is the integral of v. If we are given v(t) as a function of time, and the
initial value of r, r(ty), then the position at any later time is given by the definite
integral.

rlte) + L v, (E)dt. (19)

This is equivalent to the three scalar equations for the components, for example

x(t) = xg) + I “u, @t

One can show, exactly as for scalars, that the integral in (19) may be expressed as the
limit of a sum.

3.4 Gradient, Divergence and Curl
There are many quantities in physics which are functions of position in space; for

example, temperature, gravitational potential or electric field. Such quantities are
known as fields. A scalar field IS a  scalar  function
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@ (X, y, z) of position in space; a vector field is a vector function A (x,y,z). We can
also indicate the position in space by the position vector r, and write @ (r) or A(r).

Now let us consider the three partial derivatives of a scalar field, d@ldx, deldy. d@ldz
They form the component of a vector field, known as the gradient of @ and written
grad @, or ¥v@ ('del @'), To show that they really are the components of a vector, we
have to show that it can be defined in a manner which is independent of the choice of
axes. We note that if r and r + dr are two neighboring points, then the difference

between the values of 5 at these points is
. : _ o de g8
de = 6l + dr) — el) = 3. 0%+ 3y dy + o-dz =dr ve. (20)

Now, if the distance ldrl is fixed, then this scalar product takes on its maximum value
when dr is in the direction of ¥&. Hence we conclude that the direction of ¥& s the
direction in which @ increases most rapidly. Moreover, its magnitude is the rate of
increase of @ with distance in this direction. (This is the reason for the name
‘gradient’.) Clearly, therefore, we could define ¥ by these properties, which are
independent of any choice of axes.

We are often interested in the value of a scalar field @ evaluated at the position of a
particle, @(r(t)). From (20) it follows that the rate of change of @(r(t)) is

8(r@) =7've (21)

The symbol ¥ may be regarded as a vector which is also a differential operator (like
d/dx), given by

v B, 0,0
eyt ez (22)
We can also apply it to a vector field A. The divergence of A is defined to be

gA, BA, 8A,

i VoAd=—24j—2 )
Div A = ox oy T oz (23)
And the curl of Atobe *
A R
9 9 @
curl A=vad= ax 9y oz|
4z 4y 4 (24)
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This latter expression is an abbreviation for the expanded form
a4, 04, 34, 84 84, a4
A — = _ _} - X _ = k » _ I).
1(a‘;v 9z )H(az )t (ax 3y

In particular, we may take A to be the gradient of a scalar field, 4 =¥®. Then its
divergence is called the Laplacian of @,

d*p d*e J%@

V=V = gt oyr 25)

Just as aAa = 0. we find that the curl of a gradient vanishes,
VAVE = 0. (26)

For example, its z component is

o (00 _ 3 (08 _ .
ox\dy) ay\ax)

Similarly, one can show that the divergence of a curl vanishes,
V.(vAA)=0. (27)
The rule for differentiating products can also be applied to expressions involving v .

For example, ¥-(4 A E) is a sum of two terms, in one of which V acts on A only, and in
the other on B only. The gradient of a product of scalar fields can be written

Vi(By) = YVa + eV,

But, when vector fields are involved, we have to remember that the order of the
factors as a product of vectors cannot be changed without affecting the signs. Thus we
have

V-(AAB)=B.(VAA) - A.(VAB),
And similarly
VAa@A) =a(VAad)-AA(Vae)

An important identity, analogous to the expansion of the vector triple product (A.16)
IS

VANNAA)=V(V.A)— V34, (28)

200



MTH 251 MODULE 1

Where of course

It may easily be proved by inserting the expressions in terms of components.
3.5 Integral Theorems

There are three important theorems for vectors which are generalizations of the
fundamental theorem of the calculus,

[ ax = peen - feeo)
First, consider a curve C in space, running from rq to ry. (see Fig. A.7.) Let the
directed element of length along C is dr. If @ is a scalar field, then, according to (20),
the change in @ along this element of length is

dd=dr. Vé.

Thus, integrating from ry to ry, we obtain the first of the integral theorems,

J-.Tla’:r". Vi = d(ry) — D) (29)

The integral on the left is called the line integral of ¥@ along C. This theorem may be
used to relate the potential energy function V(r) for a conservative force to the work
done in going from some fixed point ro, where V is chosen to vanish, to r. Thus, if
F =-¥V. then

V) = - Lar. F. (30)
When F is conservative, this integral depends only on its end-points, and not on the
path C chosen between them. Conversely, if this condition is satisfied, we can define
V by (30), and the force must be conservative. The condition that two line integrals of
the form (30) should be equal whenever their end-points coincide may be restated by
saying that the line integral round any closed path should vanish. Physically, this
means that no work is done in taking the particle round a loop which returns to its

starting point. The integral round a closed loop C is usually denoted by the symbolfz :
Thus we require

f:a'r.F:n (31)

for all closed loops C.

This condition may be simplified by using the second of the integral theorems —
Stokes’ theorem. Consider a curved surface S, bounded by the closed curve C. If one
side of S is chosen to be the ‘positive’ side, then the positive direction round C may be
defined by the right-hand screw convention. (See Fig. A.8). Take a small element of
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the surface, of area dS, and let n be the unit vector normal to the element, and directed
towards its positive side. Then the directed element of area is defined to be dS = ndS.
Stokes’ theorem states that if A is any vector field, then

ﬂ;ds.wm): f:a'r.A. (32)

The application of this theorem to (31) is immediate. If the line integral round C is
required to vanish for all closed curves C, then the surface integral must vanish for all
surfaces S. But this is only possible if the integrand vanishes identically. So the
condition for a force F to be conservative is

VAF =0. (33)

We shall not prove Stokes’ theorem. However, it is easy to verify that it is true for a
small rectangular surface. Suppose S is a rectangle in the xy-plane of area dxdy. Then

ds = kdxdy, S0 the surface integral IS
k(7 A4) dxay = (o _ %
AV AA)dxdy = (ﬁ — 3y

)‘im}" (A.34)

The line integral involves four terms, one from each edge. The two terms arising from
the edges parallel to the x-axis involve the x component of A evaluated for different
values of y. They therefore contribute

dA
A0)dx — A (v 4 dy)dx = — a—;dxa:}-'.

Similarly, the other pair of edges yield the first term of (34).
We can also find a necessary and sufficient condition for a field B(r) to have the form
of a curl,

B= VAA.
By (A. 27), such a field must satisfy
V.B=0. (35)
The proof that this is also a sufficient condition (which we shall not give in detail)

follows much the same lines as before. One can show it is sufficient that the surface
integral of B over any closed surface should vanish,

J]dS.B =0,
=

And then use the third of the integral theorems, Gauss’ theorem. This states that if V is
a volume in space bounded by the closed surface S, then for any vector field B,
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[ v v.5 = [[asc. o

Where dV denotes the volume element dV = dxdydz, and the positive side of S is taken
to be the outside.

It is again easy to verify Gauss’ theorem for a small rectangular volume dV = dxdydz.
The volume integral is

e =
dx + dy + dz

(35“'E 95y , 9B )dxd}-‘dz.
37)

The surface integral consists of six terms, one for each face. Consider the faces
parallel to the xy-plane, with directed surface elements k dxdy and —k dxdy. Their
contributions involve k.B = B, evaluated for different values of z. thus they contribute

db
BE(Z + dzjdxd}' — Ez(z]d_'x'd}‘ = a—;d_’rd}’dz-

Similarly, the other terms of (37) come from the other faces.

3.6  Curvilinear Co-ordinates

One of the uses of the integral theorem is to provide expressions for the gradient,
divergence and curl in terms of curvilinear co-ordinates.

Consider a set of orthogonal curvilinear co-ordinates q;, ¢,, 03, and denotes the
elements of length along the three co-ordinate curves by h,dq,, h,dg,, hsdgs. For
example, in cylindrical polars,

hy =1, hy =P he =1, (38)

and in spherical polars

h, =1, hg =T, h, =7rsinf. (39)

Now consider a scalar field ¥. and two neighbouring points (g1, 2, g3) and (s, 02, 3
+ dqs). Then the difference between the values of ¥ at these points is

ay

5o 44z = d¥ = dr. VY = hydq; VYL
G

Where (¥I¥)1z is the component of ¥¥ in the direction of increasing gs;. Hence we
find

1 Vi
hy9q3° (40)
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with similar expressions for the other components. Thus, in cylindrical and spherical
polars, we have

- (L1220),

dp ‘pdg’ (41)
and
v (100 1 3
T \ar'raf rsinfae ) (42)

To find an expression for the divergence, we use Gauss’ theorem, applied to a small
volume bounded by the co-ordinate surface. The volume integral is

(V.A)hydq hadgzhadg,.
In the surface integral, the terms arising from the faces which are surfaces of constant

qs; are of the form Azkidqikzdqz. evaluated for two different values of qs;. They
therefore contribute

d
—(hyh;hy)dgydgadgs-
g5 1 zMiq,0qz00q;

Adding the terms from all three pairs of faces, and comparing with the volume
integral, we obtain

1 d d d
?.A —{_{h=hzﬂlj+_(hzh1h=]+a{h1h:hz]}.
3

- hyhzhy (0, 99z (43)
In particular, in cylindrical and spherical polars,
a(pA 84
VA=~ (4,) , 1 e, 94s
p dp pdg = 0Oz (44)
And
VoA l_ﬂ{r‘ﬂ,.]_l_ 1 ﬂ{siuﬂ'ﬂg]-l_ 1 ﬂAm.
ri  ar rsind ag rsinf dg (45)

To find the curl, we use Stokes’ theorem in a similar way. If we consider a small
element of a surface q; = constant, bounded by curves of constant g, and g, then the
surface integral is

(VAA)ghydghadg;.

204



MTH 251 MODULE 1

In the line integral round the boundary, the two edges of constant g, involve A;h;dg;
evaluated for different values of ¢, and contribute

d
_a_q:{hj.ﬂj.]dthdt?:-

Hence, adding the contribution from the other two edges, we obtain

1 d d
VAA)y = E{E{hzﬂzj - a—q:{ﬁﬂﬂ-ﬂ}: (46)

With similar expressions for the other components. Thus, in particular, in cylindrical
polars.

VAL 104, 04, 04, 9A; 1(d(pAs) 04,
n di dz " Az ap "p\ dp do JY

(47)
And in spherical polars
1 (a{sinea,p}_aag)
VAA= rsind ag di .
1 84, 1f8(rdg) 84,
‘rsind dg _F( ar BB) (48)

Finally, combining the expressions for the divergence and gradient, we can find the
Laplacian of a scalar field. It is

vay -1 {a (hzh3 aq;)+ a (hghli aq;)+ a (hlhzﬂl.p)}
hihyh; (8q, \ hy 9q;/ 9q;\ hy 8qz/ dq;\ h; 8q3)/)

(49)
In cylindrical polars
2y - 10 (0¥, LW 7
v w_pap(pﬂp)JrP:ﬂqﬂ: EE (50)

And, in spherical polars,

L 1af Y 1 (. oy 1 2%y
VY= r_:ﬁ(r F)-l_:r: siu&ﬁ(ﬁluﬂﬁ)-'-ﬁsm:&ﬂfp: :
(51)
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4.0 CONCLUSION

In conclusion, having read through this unit, the student should be able to use vector
approach to solve some Engineering, mechanics and physics related problems. More
so, students are advised to try all the trial exercises giving to them to enhance their
comprehension of the unit. It worth to mention here that; this unit is a perquisite to
other units and some other courses in mathematics and physics respectively.

5.0 SUMMARY

What you have learnt in this unit concerns:

that any vector r can be written as a sum of three vectors along the three axes
thus: R = xi+ vj+ zk.
If & is the angle between the vectors a and b, then by elementary trigonometry the
length of their sum is given by

[+ b]F =a®* + b*+2ab cos 6,
Obviously, we define the scalar product a.b (adotb) as

a.b =ab cos &
Remark; (a.b =ab cos ( 8. ) is equal to the length of a multiplied by the
projection of b on a, or vice versa.

We alsi note that the square of a is: a® = a.a=a’

Thus we can rewrite the relation above as  (a+b)? = a*+b*+2a.b,

And similarly  (a-b)? = a®+b%-2a.b.

All the ordinary rules of algebra are valid for sums and scalar products of vectors,
save one. (For example, the commutative law of addition, a + b = b + a is obvious
from Fig. A. 2, and the other laws can be deduced from appropriate figures). The

exception is the following: for two scalars, the equation a2 =0 implies that either
a=0or b=0 (or, of course, that both = 0), but we can find two non-zero vectors for
1

which a.b = 0. In fact, this is the case if'2" , that is if the vectors are orthogonal:
ab=0ifa-lb.

(i.e vector a is perpendicular to vector b)

The scalar products of the unit vectors i, j, k are
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More generally, if we take the scalar product of two vectors a and b, we find
a.b = ab, +aby + a,b,,

and, in particular,
1> = 1* = X4y +27,

Vector product

Any two nonparallel vectors a and b drawn from O define a unique axis through O
perpendicular to the plane containing a and b.

laA bl = ab sin &

The vector product has one very important, but unfamiliar, property. If we interchange
a and b, we reverse the sign of the vector product,

bAa = —aAb.
Thus, when we form the vector product of a and b we obtain
anb=1il(a,b, —a.b,)+jlab, —a,b )+ k(a,b, —a,b,).
This relation may conveniently be expressed in the form of a determinant.

i
Gy Gy Qg

b, by bl

|k
aAb= y @

[

From any three vectors a, b, ¢, we can form the scalar triple product
(@nb).c . Geometrically, it represents the volume V of the parallele-piped with

adjacent edges a, b, c. (See Fig. A.5.) For, if ¢ is the angle between cand aA b | then
(aablc=laablc cos p=ArR=7V,
Where A is the area of the base, and h = ¢ cos ¢ is the height.
6.0 TUTOR-MARKED ASSIGNMENT
i. By drawing appropriate figures, prove the following laws of vector (a+b)+c =
a+(b+c),
Aa + b) = Aa + Ab,

a.b4+c)= ab+ac

Note that a, b, ¢ need not be coplanar.)
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7.0

Show that eAb){cAad)=a.cb.d —a.d b.c.

Evaluate V A (@ A b).

Prove that aAG+cd=aab+arc  (Hint: Show first that in
aAb b may be replaced by its projection on the plane normal to a, and then

prove the result for vectors in this plane).

Evaluate the components of ¥*4 in cylindrical polar co-ordinates using the
identity (A. 28). Show that they are not the same as the scalar Laplacians of the
components of A.
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1.0 INTRODUCTION

Electromagnetic theory lies outside the scope of this book. However, since we have
discussed various examples involving electromagnetic fields, it may be useful to
summarize some relevant properties of these fields here. We shall simply quote the
results without proof, and we shall not consider the case of dielectric or magnetic
media. We shall use Gaussian units, but quote the forms appropriate to Sl units in
brackets.

20 OBJECTIVE

At the end of this unit, you should be able to discussed various examples involving
electromagnetic fields.

2.0 MAIN CONTENT

3.1 The Electromagnetic Field

The basic equations of electromagnetic theory are Maxwell’s equations. In the
absence of dielectric or magnetic media, they may be expressed in terms of two fields,

the electric field E and the magnetic field B. There are two equations involving these
fields alone,

13B oB
?ﬂE-l—EE:ﬂ, [?f1E+H=D] (1)
V.B =0, [V.B = 0] )

And two more involving also the electric charge density # and current density j,

19E 4w aE
—_—— = —1 — — =

VAE -t B VAE fogp =/ 3)
V.E = 4mp. [£o¥V.E = pl] 4)
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The basic set of equations is completed by the Lorentz force equation, which
determines the force on a particle of charge g moving with velocity v,

1
F=q(E+-vAB). [F=qE+vAB)

()

From (B.2), it follows that there must exist a vector potential A such that

B

=VAA

(6)

Substituting in (B.1), we then find that there must exist a scalar potential
@ such that

E

_ _yp_ 104
- Ccat

-

Vo o4
ot

(7)

These potentials are not unique. If A is any scalar field, then

]

. 1A , LY
—'E'-I—EE, [ﬂ—'ﬁ-l-ﬁ]
A=A-Va

(8)

Define the same fields E and B as do @ and A. The transformation (B.8) is called a
guage transformation. In particular, we can always choose
potentials obey the Lorentz gauge condition

1

c at

ao’

1 a9

+V.4"=0. [——+?.A’ =0

c2 at

]*

It is only necessary to choose A to be a solution of

1 g2AE
c? gt3

—-ViA=- (1@+ ?.A). [: - (l@+ V.A

c dt

c2dt

)

©)

A SO that the new

When the Lorentz guage condition is satisfied, we find from (3). (4) and the identity
(28) that the potentials satisfy

And

1 3%g

c® g2

— ?=ﬁ=

4mp,

[= 1l

[= =5'p]
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When there is no electric charge or current density, these are three-dimensional wave
equations, which describe a wave propagating with velocity c.

For the static case, in which all the fields are time-independent; Maxwell’s equations
separate into a pair of electrostatic equations,

VAE =0, V.E = 4mp, [=ap] (12)

Identical with (6.46) and (6.47), and a pair of magneto static equations,
4m i —
v.5 =10, ?ﬂﬁ':?_j. [= il (13)

Equation (10) reduces to Poisson’s equation (6.48), and (B.11) expresses the vector
potential similarly in terms of the current density. The solution of (11) for this case is
similar to (6.15), namely

sor=2 [ F e (14)

1wy
[Here and below the SI form is obtained by the replacementc  4x] Thus, given a
static distribution of charges and currents, we can calculate explicitly the scalar and
vector potentials, and hence find the fields E and B.

A o P

As a simple example, we consider a circular current loop of radius a in the xy-plane,
carrying a current J. The equation (14) then reduces to a single integration round the

loop,
dr'
'l

J
A(T‘]=thﬂ_ (15)

The evaluation of this integral is much simplified by considerations of symmetry.
Since the current lies in the xy-plane, A, is clearly zero. Now let us consider a point P
with co-ordinates (X, 0, z). (See fig. B.1) For each point Q on the loop, there will be
another point Q’, equidistant from P. The contributions of small elements of the loop
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at Q and Q’ to the component A, will cancel. Thus the only non-zero component at P
is A,. Its value is

A ] o cos@dg
3"_EJ; (r? + a® — 2ax cos@)l?

Now we shall assume that the loop is small, so that @ « r. Then the denominator is
approximately

- S 1
(:r"—za:r cosfg) 21 ¥;(1 +E,,CDS¢J)
72

Whence

mja®x
crd T

_If X 2 Vg -
A, = EJ; (a cosg + —z €05 qﬂ)dfp =
It is clear that at an arbitrary point the only non-vanishing component of A will be in

the ¢ direction of polar co-ordinates. If we define the magnetic moment & of the loop
to be

mwai]

w= , [u = ma?]] (16)

c

Then the vector potentials is

A, =0, Ag =0, Ap=—5— (17)

HoH
[Here and below the SI form is obtained byH ~ 47 "] The co-responding magnetic
field is easily evaluated using (A.48).
Itis

_ 2y cos@

psind
P8 - :

B
L TE

? (18)

This is a magnetic dipole field. It has precisely the same form as the electric dipole

field (6.11).

4.0 CONCLUSION

In conclusion the magnetic dipole field has precisely the same form as the electric
dipole field.
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5.0

SUMMARY

What you have learned in this unit concerns the basic equations of electromagnetic
theory and these are known as  Maxwell’s equations. As a simple example, we
consider a circular current loop of radius a in the xy-plane, carrying a current J.

6.0

7.0

TUTOR-MARKED ASSIGNMENT

Calculate the vector potential due to a short segment of wire of directed length
ds, carrying a current J, placed at the origin. Evaluate the corresponding
magnetic field. Find the force on another segment of length ds’ carrying current

J’, at r. Show that this force does not satisfy Newton’s third law. (To compute
the force, treat the current element as a collection of moving charges).
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1.0 INTRODUCTION

Scalars and vectors are the first two members of a family of quantities known as
tensors, and described by 1, 3, 9, 27..... Components. Scalars and vectors are called
tensors of rank 0, and of rank 1, respectively. In this appendix, we shall be concerned
with the next member of the family, the tensors of rank 2, often called dyadic. We
shall use the word tensor in this restricted sense, to mean a tensor of rank 2.

2.0 OBJECTIVES

At the end of this unit, you should be able to recognize scalar and vector as the first
two members of Tensors (i.e. to mean a tensor of rank 0 and rank 1 respectively) and
the recognition of dyadic to mean a tensor of rank 2

3.0 MAINCONTENT

3.1 Elementary Properties: The DOT Product

Tensors occur most frequently when one vector b is defined as a linear function of
another vector a, according to

Tx:.r L Tx:,'a:,' + szaz'
yxlx + Tty + Tyzaz, (1)

o r

ToxO + Topa, + Tz,

by
by,
bs

We have already encountered one set of equations of this type-the relations (9.17)
between the angular velocity ¢ and angular momentum J of a rigid body.

It will be convenient to introduce a slight change of notation. We write a, a,, az in
place of a,, ay, a,, so that (1) may be written
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b:' = ZTE'_."Q’_-‘"
i ()
Where i and j run over 1, 2, 3. In this notation, the scalar product of two vectors is

a.b :Zﬂf b;.

: 3)

Tensors are commonly denoted by sans-serif capitals, like T. The nine components of
a tensor T may conveniently be exhibited in a square array, or matrix

N, Tz Tia
T= Tzl T:: T:a .
T3y Taz Tas 4)

Note that the first subscript labels the rows, and the second, the columns.

In view of the similarity between the expressions (2) and (3), it is natural to extend the
dot notation, and write (2) in the form

b=T.a.

For instance, the relation (9.17) may be written
J=1lw

Where | is the inertia tensor.

We can then form the scalar product of this vector with another vector ¢, and obtain a
scalar

c.T.a= chf T;;a;,
i j

()

For example, it follows from (9.22) that the kinetic energy of a rigid body is

1 1
T=—w.l.v = —ZZWEI;'{Wf.
2 2 - - J J

For any tensor T, we define the transposed tensor T by
Tij = T;.

This corresponds to reflecting the array (4) in the leading diagonal. From (5) we see
that in general c.T.a is not the same as a.T.c. In fact,

a.lT.c= ZZ a; T;;6 = ZZ €; ff:ﬂ: .
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So that

aT.c=c.T.a (6)
Note that he dot always corresponds to a sum over adjacent subscripts.

The tensor T is called symmetric if T =T. or, equivalently, T = Ti; . In this case, the
array (4) is unchanged by reflection in the leading diagonal. An equivalent condition
Is that, for all vectors a and c,

al.c=cTl.a. (7)

Similarly, T is called anti-symmetric (or skew-symmetric) if T = —T.or Ts = —Ti; For
example, consider the relation giving the velocity of a point in a rotating body,

V=i AT
This is a linear relation between the components of r and v, and can therefore be written in
the form

v="T.r,
Where T is some suitable tensor. It is easy to see that its components are given by

0 —idg g
T = ( I:.-LJE n _ml)_
—idg iy 0 (8)

This tensor is clearly anti symmetric. Note that its diagonal elements T:; are necessarily zero.
In fact, any ant symmetric tensor may be associated with an axial vector in this way, and vice

versa.

There is a special tensor 1 called the unit tensor, or identity tensor, which has the property
that

la=a 9)
For all vectors a. Its components are
s if 1=j

Or, written out in detail,
1 0 0
0 1 (10)
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3.2  Sums and Products; The Tensor Product

The sum of two tensors may be defined in an obvious way. The tensor
R = 54 ST js the tensor with components i =% 5:; + 5T4;- |ts effect on a vector a is
given by

Ra=x (S.a)+5 (T.a)

For example, it is easy to show that any tensor T can be written as a sum of a
sysmmetric tensor $ and an anti symmetric tensor A. in fact, T =8 + A, where § =

We can also define the dot product of two tensors, 8 .T. if c = S.b and b = T.a, then
it is natural to write c = 8.( T.a) = (S .T).a. In terms of components,

C; = ZS:';' (ZT.c ﬂ:.:) = Z(ZSE.-"T:":{)Q:{'
7 k

k J

Hence § .T = R is the tensor with components
Ry = ZS:';'T;':.:-

Once again, the dot signifies summation over adjacent subscripts. Note the rule for
constructing the elements of the product: to form the element in the ith row and kth

column of 8§ .T, we take the ith row of S, and the kth column of T, multiply the
corresponding elements, and sum. (This is known as the rule of matrix multiplication.)
It is important to realize that, in general, T .8 # 8§ .T. in fact, T .S = Q has
components

Qi = ZT:';'SJ':c-

There is one special case in which these products are equal, namely the case $= 1. It
IS easy to see that

(11)

1T=T1=T,

So that 1 plays exactly the same role as the unit in ordinary algebra. From any two
vectors a and b we can form a tensor T whose components are T = @:5;- This tensor
Is written T = a b, with no dot or cross, and is called the tensor product or dyadic
product of a and b. note that
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T-c = (ab)c = a(bc),

So that the brackets are in fact unnecessary. The use of the tensor product allows us to
write some earlier results in a different way. For example, for any vector a,

1a=a=i(i.a) +j(ja) + k(ka)
= (ii + jj + kk)a,

So that

i + jj + Kk = 1, (12)

as may easily be verified by writing out the components. Similarly, we may write
(9.16) in the form

Zm{rzm —rrw) = I'w,
J=

Where the inertia tensor is given explicitly by
Zm{*rz 1-rr).
1= (13)
It is easy to check that the nine components of this equation reproduce (9.15).
It is clear that if T = ab, thenT = ba . In particular, it follows that the tensor (13) is
symmetric
3.3 Eigenvalues; Diagonalization of a Symmetric Tensor

Throughout this section, we consider a given symmetric tensor T. A vector a is called
an eigenvector of T if

Ta=4a (14)
Where A is a number called eigenvalue. Equivalently, the equation (14) may be written

(T-Al)a=0,
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Or, written out in full,

Ty, —Aay + Tyza; + Tyaa, =0,
Tr10y + Tz —A)ag + T30, =0,
Tapay + Tazaz + T3z — AJag = 0.

These are the same kind of equations that we discussed in Chapter 12 in connection
with normal modes. (Compare (12.15). As in that case, the equations are mutually
consistent only if the determinant of the coefficients vanishes,

T:I.:I. -4 T'_I: Tia
det(T—A1)= | Ty, Toz—A4 Ty |=0.
T31 TE: Tzz -4

When expanded, this determinant is a cubic equation for A whose three roots are all
real, or else one real and two complex conjugates of each other.

We shall now show that the latter possibility can be ruled out. For. Suppose A is a
complex eigenvalue, and a = (a;, a,, as) the corresponding eigenvalue, whose
components may also be complex. We shall denote the complex conjugate eigenvalue
by A*. Then, taking the complex conjugate of

Ta=M\a,
We obtain
Ta* = \*a*,

Where a* = (%23 22)- Multiplying these two equations by a* and a respectively, we
obtain

a* Ta=»Aa%*a,

a Ta*=»A*aa*.

40 CONCLUSION
In this unit we want to conclude by considering a given symmetric tensor T. A vector
awhich is called an eigenvector of T if

Ta=4a

Where A is a number called eigenvalue. Equivalently, T-a = 4a. may be written
(T-Al)a=0,
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5.0 SUMMARY

The summary of what you have learnt is as in the conclusion.

6.0 TUTOR-MARKED ASSIGNMENT

I. define the term Tensor
il state some properties of Tensor that you are taught
iii.  under what consideration can you ascertain that

Ta=4a. may be writtenas (T —Al)a=0,
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