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1.0 INTRODUCTION 
 
In module1,  we considered some elementary methods of mathematics of counting 
essentialfor determiningprobabilitiesof events.Inthis module,wecontinueour study by 
discussinghowtoapplytheknowledgegainedin module1 todetermineprobabilitiesof 
eventsandgeneralpropertiesof probabilities.Wepresentsometheoremsand definitions 
thatarebasictotheunderstandingofcommonlyencounteredproblems. 
 

2.0 OBJECTIVES 
 
At the end of this unit, you should be able to: 
 
 use the principle of theory of probability to solve related probability questions 
 state the properties of probability 
 define mutually exclusive events and complementary event 
 find  the probability of two mutually exclusive events  
 solve probability of an event A given that an event B has occurred 
3.0 MAIN CONTENT 
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3.1 ElementaryPrinciple
 
In any random experiment there is always uncertainty as to whether a particular event 
will or will not occur. As a measure of the chance or probability with which we can 
expect the event to occur it is convenient to assign a number between  0 and 1. If we 
are sure or certain that the event will occur we say that its probability is 100% or 1, but 
if we are sure that the event will not occur we say that its probability is zero.
 
Example2.1 
 
Supposeafairdieisrolled once.T
 

1,2,3,4,5,6. 
 

letA1,A2andA3,representthefo

 
A1= “anevennumberoccurs” 

 

A2= “anodd numberoccurs 

 
A3=aprimenumber occurs” 

 
ThesixpossibleoutcomesinΩare

denotedbyP(A)andtheprobabil

bethenumberofoutcomesthatha
 

A1       {2,4,6} 

A2      {1,3,5} 

A3      {2,3,5} 

 

Thus, 

 

Example2.2 
 
Supposethataboxcontains10ite
randomwithoutreplacement.Fi
(i)      bothitemsarenon-defe
bothitemsaredefective:               (i
LetA1,A2,A3,A4,denotetheev

 
“bothitemsarenon-defective 
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eoftheTheoryofProbability 

In any random experiment there is always uncertainty as to whether a particular event 
will or will not occur. As a measure of the chance or probability with which we can 
expect the event to occur it is convenient to assign a number between  0 and 1. If we 
are sure or certain that the event will occur we say that its probability is 100% or 1, but 
if we are sure that the event will not occur we say that its probability is zero.

Thereare sixpossibleoutcomes.Thesamplespac

ollowingevents 

reequallylikely.Theprobabilitythat  A

ilitythatAdoesnotoccurbyP(AC).ifweletnA 
aveattributeA,then 

 

emsofwhicharedefective.Twoitemsareselecte
ind theprobabilitiesthat: 
ective        (ii)     only one item isd

:               (iv)    atleastoneitem 
vents 

In any random experiment there is always uncertainty as to whether a particular event 
will or will not occur. As a measure of the chance or probability with which we can 
expect the event to occur it is convenient to assign a number between  0 and 1. If we 
are sure or certain that the event will occur we say that its probability is 100% or 1, but 
if we are sure that the event will not occur we say that its probability is zero. 

paceis 

t  Aoccursis 

edat 

defective (iii)    
m isdefective 
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C2

“onlyone item isdefective”  

“bothitemsaredefective” 

“atleastoneitem isdefective” 

 
respectively.Thenumberofway

10

45ways.

 

Sothereare45 elementsinthesamp
 

(i)      Thenumberof waysofsel

 
ThatisA1canoccurin15ways.Th

(ii)     Thenumberof way

fromthe6non-defectiveit

Thus, 

 
 

Similarly 

 

(iv)    Atleastonedefectivemean
 

P(A4)= P(1defectiveitem)+ P(2

 

Example2.3 
 
Supposeafairdieisrolledtwice.F
twofacesis(i) even,(ii)lessthan5
ThesamplespaceΩ,consistsof3
 
(i)      LetAbetheevent “thesum

(1,1)  (1,3)  (1,5)  (2,2)  (
(3,1)  (5,1)  (4,2)  (6,2),
 
A canoccurin 18ways. T
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2

ysof selecting2itemsfrom 10is 

. 

amplespace. 

lecting2itemsfrom thenon-defectiveitemsis6C

hus. 

 
ysofselecting1item from the4defectiveitem

eitemsis 
4

C1× 
6

C1=24so,A2canoccurin2ways.

 
eans1 or2defectiveitems.So, 

(2defectiveitems)=P(A2)+ P(A3)

Findtheprobabilitythatthesum ofthenumb
5. 

36elements. 

mofthetwo facesiseven”.Possibleoutcomeare: 
)  (2,4)  (2,6),… 
,…  

Thus, 

C2= 15. 

msand 1item 

s. 

 

bers onthe 

:  
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,

 

(ii)     LetBbe theevent “th
is2iftheoutcomeis(1,1) 
iftheoutcomeis(3,1),(1,3

 
1+2+3=6ways 
 
Thus 

 

 

Example2.4 
 
3ballsaredrawnatrandomwith 
Findtheprobability that(i)all3 a
 

Thesamplespaceconsistsof113

 
B theevent “1isredand2white”
 

 
 
(Thefirstredcan bechosenin8w

P(B)=
nB

nB=8,3.3+3.8.3+3.3.8

 
 

(8×3×3) =n
pickingthefirsttobered,secondw
WRWand3×3×8isfor WWR).T

 
 
3.2Propertiesof Probability
 
Definition2.1:Mutually Exclusi
 
TwoeventsA1andA2aremutual

 

A1∩Aj= foreveryi≠j. 

 
Thatis,twoormoreeventsaremu
common.Inexample2.1 
A1={2, 4, 6}  

A2={1, 3, 5}  
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hesumisless than5”. Boccursifthesumis2,3,o
) thesumis3iftheoutcomeis(1,2) or(2,1) andth
3) or(2,2).ThereforeBcanoccurin 

 

 replacementfromaboxcontaining8redand3w
arered;(ii)1isredand 2 arewhite. 

3possibleoutcomes.LetA be“theevetall3 arere

” 

nin8waysthesecondin 8waysand thethirdRedin8wa

8 

numberof ways 
whiteandthirdwhite(RWW),3×8× 3
Thus 

y 

siveevents 

llyexclusiveif anonly if 

utuallyexclusiveif notwoof them

or4.The sum 
he sum isfour 

d3white balls. 

ed”and 

ays). 

 of 
WW),3×8× 3isfor 

mhavepointsin 
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A1 ∩A2= , 

 

ThereforeA1andA2aremutuall

 
Definition2.1 
 
If A1andA2areany twoevents,A

 
andA2occur.In general,ifA1,A

 
In example2.1.A1 ∩A2 ∩A3ist

 
A1 ∩A3={2}  

 
Thus 

P(A1 ∩A3)= 

 
TheeventA2     A3istheeventtha

P(A1 ∩A2)= 

 
ComplementaryEvent 
Theevent“Aoccurs”and“A do

occur”iscalledthe complement
 
 
Theorem2.1 
 

If ACisthecomplementofan
probabilitythataneventwillnoto
 
In example2.2(iv);Theevent “
defective”. 
 
FromTheorem2.1,wehave 
 
P(A4)=1–P(  

 

A4
c=A1sincetheevent “

defective. 
 
Thefollowingeventsarecomple
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lyexclusiveevents. 

,A1 ∩A2isthe eventthatoccursifandonly if bo

A2,…,Anoccur. 

istheeventthatanevenprimeoccurs. 

hatanoddprimeoccursA2 ∩A3={3,5}. Thus 

oes notoccur”aremutuallyexclusive.Theeven

tof A andisdenotedbyAC. 

neventA,thenP(Ac)= 1–P(A).Thistheoremst
occur isequalto1minustheprobabilitythat itwill 

“nodefectiveitem”isthe sameastheeventbothit

“nodefectiveitem”isthesameastheevent”bothit

ementaryevents 

othA1 

nt“A does nt 

mstatesthatthe 
ill occur. 

thitemsare non-

thitemsarenon- 
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(i)      atmost2 andgreaterthan2 (ii)     
 
Definition2.2 

 

If A1andA2areany t

A1andA2occurs. 

 
Ingeneral,ifA1,A2,…,Anare a

A1i= 1,2,…,n,occurs. 

 
In example2.1,theeventA1 ∪A

 
A1∪A3={2, 3,4,5,6}. 

 

Thus 
 
P(A1 ∪

A2)=              = 

 

TheeventA1∪A2isthe eventtha

 
A1∪A2={1,2,3,4,5,6} = Ω,  

 
 
Thus 
 

P(A1∪A2)= P(Ω)=  = 1.  

 

Theorem2.2 
 
If A1andA2areany events,then

 
P(A1 ∪A2)= P(A1)+P(A2)–P(

 
Theproof ofthistheoremfollows
 

 
 
 

                                   
 
dividingthrough bynΩtheresultf
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n2 (ii)     atleast4 andless than4.  

y twoevents,A1∪A2istheeventthatoccurs 

any events,A1∪A2istheeventthatoccurs if a

A3istheeventthatanevenoraprimenumber occu

hataneventoranoddnumber occurs. 

n 

(A1∩A2).  

wsdirectlyfromthedefinition 

                                   -    

ltfollows. 

 iftleastoneof 

atleastone of 

urs. 
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Corollary 
 
(i)      If A1andA2aremutuallye

 
P(A1 ∪A2)= P(A1)+P(A2) 

 
sinceA1andA2aremutuallyexc

A1 ∩A2= ϕ

 
P(A1  ∪A2)=0  

 
hence 
 
(ii)     If A1andA2areany twoe

 
P(A1 ∪

A2)≤P(A1)+P(A2) 
 
InExample2.1above, 
 
P(A1∪A3)=P(A1)+P(A3)- P(A

 
(iii)    If AandBareany twoeve

P(A)= P(A ∩B)+P(A∩Bc) 
 

P(B)= P(A ∩B)+P(Ac ∩B) 
Ingeneral,ifA1,A2,…Anareany n

 
P(A1 ∪A2 ∪… ∪An)= P(A1) 

 
Theorem2.2canbegeneralizedf
eventsA1,A2,A3 

 
P(A1  ∪A2 ∪A3)=P(A1)+P(A

 
-   P(A1∩A3)–P(A2 ∩A3) +…+

 
Toseethis,letB=A1  ∪A2,then 

 
P(A1  ∪A2 ∪A3)=P(B ∪A3)= 

 
P(B)=P(A1)+P(A1)+P(A2)–P(A

 

  MODULE 2

 

43 

exclusiveeventthen 

clusive, 

events 

(A1 ∩A3)=        = .  

entsdefinedonthe samplespacethen 

y nmutuallyexclusiveevents,then 

 +…+P(An). 

dforn>2events.It caneasilybeshownthatfo

(A2)+P(A3)- P(A1 ∩A2) 

…+P(A3).  

 

)= P(B)+P(A3)–P(B ∪A3)  

(A1 ∩A2) 

tforany 3 
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P(B ∩ A3)=P(A3 ∩)= P{(A3 ∩
 
=P(A3 ∩A1)+P(A3 ∩A1)+P(A

 

(bytheorem2.2).thus 
 
P(A1∪A2 ∪A3)=P(A1)+P(A2
 
-   P(A1 ∩A3)–P(A2  ∩A3)+ P

 
Note: 
 
A1 ∪A2 ∪A3istheeventthatatl

 
Definition2.3 
 
Twoormoreeventsaresaidtobee
otherwords,A1,A2,…,Anareex

P(A1∪A2 ∪… ∪An)=1 

Inotherwords itiscertainthatatl
 
 
 
 
Note: 
1.       0≤P(A) ≤1 
 
2.       P(Ω) =1. 
 
3.       For ansequenceofmutua

 

 
Examples: 
 
2.5     A box contains6 ballsnu
 
Findtheprobability that thenum
 
Solution 
 

LetA1,A2,A3 denotetheevents

denotetheeventthenumberonth
A1,A2andA3aremutuallyexclu
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∩(A1 ∪A2)}= P{(A3∪A1) ∪ (A3 ∩A2)} 

(A3 ∩A2)– P(A1 ∩A2 ∩A3) 

2)–P(A1∩A2)+ P(A3) 

P(A1 ∩ A2∩A3) 

tleastoneofthemwilloccur. 

exhaustiveiftheirunionequalsthewholesample 
xhaustiveeventsif 

eastoneof themwilloccur. 

allyexcusiveeventsA1,A2,… 

 

umbered1to6.Aballwas drawnfromtheboxatra

mberontheballdrawnwaseither 1,2,or 6. 

sthattheballdrawnwas1,2and6respectively. A

heballdrawnwaseither1,2or6. 
usiveevents.Thus 

le space.In 

andom. 

. A1∪A2 ∪A3 
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P(A1∪A2 ∪A3)=P(A1)+P(A2)+ P(A3) 

 
=1/6+1/6+1/6 =12. 
 
2.6     Fourfairdicearetossedonce,whatistheprobabilitythatthesumofthenumbers 
onthefourdiceis23? 
 
Solution 
 
Thepossibleoutcomestoget23are 
 

(6,6,6,5), (5,6,6,6),(6,5,6,6),(6,6,5,6). ThesamplespaceΩconsistsof 64elements. 
 

Therefore,theprobabilitythatthesumofthenumbersonthefourdiceis23is4/64. 
 
2.7     If P(A1)=2/3,P(A1∩A2)=¼ andP(A1 ∪A2)=5/6,findP(A2). 

Solution 
 
Fromthe additionlawofprobability 
 
P(A1 ∪

A2)=P(A1)+P(A2)–P(A1nA2) 

 

Wehave 
 
P(A2)= P(A1∪A2) P(A1nA2)–P(A1)=5/6+¼ - 2/3= 5/12. 

 
2.8     Supposeafaironistossedthreetimes,whatistheprobabilitythatatleastone 

headoccurs? 
 
Solution 
 

LetA1betheeventthatthefirsttosslandsheads,A2theeventthatthesecondtoss 

lands,andA3theeventthatthethirdtosslandsheads. 

A1 ∪A2 ∪A3istheeventthatatleastoneheadoccurs. 

 
WearerequiredtocomputeP(A1 ∪A2 ∪A3)ThecomplementofA1∪A2 ∪A3is 

A1
cnA2

cnAc.Thatis,thefirstdoes notlandheads,the seconddoesnotandthe thirddoesnot. 

 

A1
cnA2

cnA3
c={T,T,T}. 

 
Thus 



STT211 

 

P(A1
cnA2

cnA3
 c) =1/8. 

 
Hence 
 
P(A1 ∪A2 ∪A3)=1– 1/8= 7/8.

 
2.9     If A1 A2,thenP(A1)≤P

 
A2=A1 ∪(A2/A1). 

 
SinceA1andA2/A1aremutually

P(A2)= P(A1)+P(A2/A1)≥P(A

SinceP(A2/A1)≥0. 

 
2.9     If A1,A2,…,Anaren eve

 
 = 

 
FromdeMorgan’slaw,wehave 
 

=  
 
Hence 
 

= 
 

2.2     ConditionalProbability
 
Theconditionalprobabilityofan
asP(A|B).theword“given”isrep
probabilitythataneventA will
eventBhasoccurred. 
 
Supposeafairdieisrolledanditis
the eventthat the
appearedwaseven.Theproblem
occurredgiventhattheeventB h
even,  the number must  be  
contains3 elements.TheeventA
 
Wecanthereforedefineconditio
 
canoccurdividedbynumberofel
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. 

P(A2) 

yexclusive,wehave 

(A1) 

events,then 

 

ty 

neventAgiventhataneventBhasoccurredisdeno
presentedbytheuprightstroke.Wewishtodeterm

tA willoccur“conditionalon” theknowledg

ditisknownthatanevennumberappeareduppermos
enumberwasgreaterthan3andBtheeventthatth

misto findtheconditionalprobabilityth
has occurred,P(A|B). sincewe knowthatthe

e  either 2,4 or 6. Therefore, theconditional s
tAoccursifthenumbershowingis4or6,thusP(A|B

onalprobabilityofAgivenBasthenumberofway

lementsin theconditionalsamplespace.Thatis

oted 
minethe 
gethatanother 

st.Let A be 
henumberthat 
hattheeventA 
e numberwas 

l sample space 
B)=2/3. 

ysAnB 

s, , 
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Where ≠0,whereΩBistheco

 
Dividethenumeratoranddenom
 

= 
 

Intheaboveexample, 
 
n(A∩B)=2 
n(B)=3 
 
Definition2.4 
 
LetAandBbetwoeventssuchtha
ted byP(A|B) isdefinedtobeP(A
 
Examples 
 
2.11   Supposeaboxcontains4re
 
(i)      the second ball drawn is r
(ii)     thesecondballdrawn isre
 

Solution 
 
Ifthefirstballdrawnisred,therere
 

Theprobabilityofthesecondball
theboxisleftwith4redand2blacksot
isthen4/6=2/3.Thus 
 

P(2ndisre/firstwasred)= 3/6/=½
 

P(2ndisred/firstwasblack)=4/6=
 
Thisshows thattheprobabilit
onthecolourof thefirst balldraw
 
2.12   Supposetwofair

theprobability thatoneo
 
Solution 
 
LetAbetheevent“oneofthenum
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condtionalsamplespacegiventhatBhasoccurred

minator bynΩ 

hatP(B)>0.ThentheconditionalprobabilityofAg
A|B)=                  2.2 

edballsand 3blackballs.Computetheprobabili

n is red if the first ball drawn was red; without r
edifthefirstballdrawnwasblack 

emains6balls,3redballsand3blackballs. 

llbeingredis Butifthefirs

ksotheprobabilityof thesecond

/=½ 

/6=2/3. 

tyof the event “thesecondballdrawnisr
wn. 

irdicearerolled.Ifthesumofthenumbersappeari
of thenumberis2? 

mbersisandBthesumis6.therearefiveways 

d.  

givenB,deno

ility that 

replacement, 

stballisblack, 
dballbeingred 

wnisred”depends 

ringis6,whatis 
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fortheeventBtooccur:(3,3),(2,4
theeventAnBtooccur:(2,4) and(
 
 
 
Thus, 

P(A B) 2/36,P(B) 5/36 
 

Hence, 

P(AB) P(A   B)2/5. 

P(B) 
 

2.13   Therearetwoc
theconditionalprobabilit

 
Solution 
 
Thesamplespaceis 

{BB,GB,BG,GG} 

LetAbetheevent “bothchildren
 
B={GB, BG,GG},A={GG},A

 
 

2.14   Therearethreechildreninaf
thisfamily.Whatistheco
inthisfamily. 

 
Thesamplespaceis 
Ω={BBB,BBG,BGG,BGB,GBB,GBG,GGB,G
LetBbetheevent“atleastoneboy
theevent“exactly twoboys inth
 
B={BBG,BGG,BGB,GBB,GBG.
A∩B={BBG,BGB,GBB}. 
Therefore 

 
 

SELF-ASSESSMET EXERC
i.       A fairdieisthrowntwice. 

(i)      Ifitis
probabilitythatth

(ii)     Ifitisknown
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4),(4,2),(5,1)and(1,5)andtherearetwoways f
d(4,2). 

childreninafamily.Ifthereisatleastagirlinthisfam
itythatbotharegirls. 

naregirlsandB”aleastagirlin thefamily. 

,A∩B={GG}. 

ninafamily.Ifthereisatleastoneboyandatmostt
conditionalprobabilitythatthereareexactlytwo 

G,BGB,GBB,GBG,GGB,GGG} 
yandatmost2boysinthefamily”andletAbe 
hefamily”.Then 

BG.GGB}  

 

CISES1 
 

(i)      Ifitisknownthatthesumofthenumbersappearingwa
hedifferencebetweenthetwonumberswas2. 
wnthatthedifference thetwo numberswas3

s for 

family,whatis 

two boys in 
wo boys 

as8,whatisthe 

3,what isthe 
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probabilitythatthesum ofthetwo numberswas 7? 
ii.       Twounbiaseddicearethrown once.Whatistheprobabilitythat 

(i)      atleastone5isthrown. (ii)     thesumis10 
(iii)    thesumis10 giventhatno5isthrown? 

 

4.0 CONCLUSION 
 
5.0 SUMMARY 
 
In this unit, the following were treated: 
 
- Elementary principle of the theory of probability 
- properties of probability 
- conditional probability 
 
6.0 TUTOR-MARKED ASSIGNMENT 
 
1. SupposeeventsAandBaresunthatP(A)= 1/5, P(AnB)=1/6. 

Find(i)P(BIA); (ii)P(Ac     Bc). 
2. IfAandBaretwoeventsdefinedonthesameprobabilityspace,showthat:(i) P(A)= 

P(A∩B)+P(A∩ Bc)=P(B)+P(A ∩Bc)– P(Ac∩ B). 

3. ProvethatP(Ac∩ Bc)=1–P(A)–P(B)+ P(A ∩ B). 
4. Supposeawellbalancedcoinistossedtwice. 

Findtheconditionalprobabilitythat 
(i)      bothcoinsshowatailgiventhatthefirstshows ahead;  
(ii)     bothareheadsgiventhatatleastoneofthem isahead. 

5. A reddieandagreendiearerolledonce.Findtheconditionalprobabilitythat: 
(i)      thenumberonred  dieisodd,giventhatthesumofthetwonumbers showing 

is9; 
(ii)     thesumofthetwonumbersis9giventhatoneofthenumbersisoddand 

theothereven? 
 

7.0 REFERENCE/FURTHER READING 
 
Harry Frank & Steven C. Althoen (1995). Statistics: Concepts and Applications. 

Cambridge  University Press. 
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1.0 INTRODUCTION 
 
Bayes’ Theorem is often referred to as a theorem on the probability of causes because 
it enables one to find the probab
cause A to occur. Also, the notion of independence is a basic tool of probabilitytheory.
 
2.0 OBJECTIVES 
 
At the end of this unit, you should be able to:
 
 Use Bayes’ theorem to calculate the probability of

occurrence  of other events that forms the sub
 Calculation of the probabilities of independent events
 

3.0 MAIN CONTENT 
  

3.1BayesTheorem 

Supposeaboxcontainsrredballs

cement.Assumethattheprobabi

LetA1 
betheevent”thesecondballdrawnis
 

 
 

Theprobability of the eventA2

A1
c 
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BAYES THEOREM 

Baye’s Theorem 

Marked Assignment 
References/Further Reading 

Bayes’ Theorem is often referred to as a theorem on the probability of causes because 
it enables one to find the probabilities of the various events A1, A2, …., A
cause A to occur. Also, the notion of independence is a basic tool of probabilitytheory.

At the end of this unit, you should be able to: 

Use Bayes’ theorem to calculate the probability of an event given the 
occurrence  of other events that forms the sub-space of the sample space
Calculation of the probabilities of independent events 

llsandbblackballs.Twoballsaredrawnatrandom

ilityofdrawinganyparticularballis
br 

1
 

1 betheevent“thefirstballdrawnis

wnisred. Then 

 

2dependsonA1andA1
c. ThatisA2is equivalen

Bayes’ Theorem is often referred to as a theorem on the probability of causes because 
, …., An which can 

cause A to occur. Also, the notion of independence is a basic tool of probabilitytheory. 

an event given the 
space of the sample space 

mwithoutrepla

wnisredandletA2 

nttoA2nA1∩ 
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A2=A1∩ A2or A1
c∩ A2.  

 
Therefore, 
 

P(A2)= P(A2∩ A1)+P(A2∩ A

Theorem2.3 
 
IftheprobabilityofaneventB,de
 
A1,A2+…+Ak,then 

 
 
P(B)= P(B∩ A1)+ P(B∩ A2)+

 

 
 

Example2.15 
 
Supposeaboxcontains3redballs,2
atrandom withoutreplacement.

betheevent“thefirstballdrawnis

theeventthefirstballdrawnisblac

vent“thesecondballdrawnis red
 
(i)      thefirst ball isredand thes
(ii)     thefirst ball isblackandth
(iii)    thefirst ball isgreenandth
 
B=B∩A1orB∩ A2or B∩ A3,P

 
P(B)dependsonA1,A2,A3whic

P(B)=P(B∩ A1)+ P(B∩ A2)+ 

 
=P(A1)P(B A1)+P(A2)P(B A2
sinceP(A1)=3/10, P(A2)=2/10

 
Thus 
 

P(B)=1/90(6+ 6+15) =27/90 =
 
Example2.16 
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∩ A1
c)=P(A1)P(A1)P(A2   A1)+P(A1

c)P(A

dependsonkmutuallyexclusiveandexhaustiveev

+…+P(B∩ Ak) 

 

lls,2blackballsand5greenballs.Twoballsaredra
t.Findtheprobabilitythatthesecondballdrawnisr

sredA2  
ackandA3,theevent“thefirstballdrawnisgreen.

d.TheeventBoccursif 

esecondisredor  
hesecondisredor  
hesecondisred. Thus 

P(B  A1)= 2/9, P(B A2)=3/9, P(B A3)=3/9. 

charemutuallyand exhaustiveeven

)+ P(B∩ A3) 

2)+P(A3)P(B A3)=3/10.2/9+2/10.3/9+5/10.3

0,P(A3)= 5/10.  

0 =3/10. 

(A2   A1
c). 

vents 

awn 
wnisred.Let A1  

.LetBbethee

nts.Therefore, 

3/9 
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Supposeafactoryhasthreemach

thetotalproductionrespectively

items,machineM2produce3% 

items. Find theprobabilitythata
 

Solution 
 
LetBbe the event “apart se
beenproducedbyeithermachine

 
B=(B∩M1)U(B∩M2)U (B∩ M

 
Since(B∩ M1),(B∩ M2),(B

informationis containeddinthe
 
P(M1)=60%=0.6,P(M2)= 0.3,P

 
P(B|M1)=0.02,P(B|M2)= 0.03

 
Hence 
 
P(B)=P(M1)P(B|M1)+P(M2)P

 
=(0.6×0.02) +(0.3×0.03) +(0.1
 
supposeyouarenowasked,whatis
machineM1.thatis,youaretofind

machineM1giventhatthepartwa

 
NOTE: 
 
1.       P(M1|B)≠P(B|M1),but 

2.P(M1nB)=P(BnM1) 

3 

P(B)=P(M1nB) 
i1 

 

hence, 
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achinesM1,M2,M3 whichproduce60%,30

y.Oftheiroutput,machineM1 produces

% defectiveitemswhilemachineM3produces 4

tapartselectedatrandomis defective. 

electedatrandom isdefective”.A defectiveite
eM1,M2orM3.Thus 

M3) 

),(B∩M3)are mutuallyexclusive events.T

eequation. 

P(M3)= 0.1 

3,P(B|M3)= 0.04 

P(B|M2)+P(B|M3)P(M3) 

1× 0.04)= 0.002+0.009+0.004=0.025. 

tistheprobabilitythatagivendefectivepartwas 
dP(M1|B)=P(apartwasproducedby 

asdefective). 

 

0%and10%of 

s2%defective 

4% defective 

emcouldhave 

ts.Thefollowing 

s producedby 
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Thus, 

 

 

Equation(2.4)isanexampleof B
 
BayesTheorem 
 
IfA1,A2,…Akaresetofmutuale

 
B isany othereventinΩsuchtha
 

 

Example2.17 
 
Supposeacollegeiscomposedof
 
40%ofthemalestudentsand20%
probabilitythatastudentobserve
 
LetM,Fdenotemaleandfemaler
containsthefollowinginformati
P(M) =P(A studentselectedatra
 
P(F) =P(A studentselectedatra
 
P(S|M) =P(astudentselectedatr
 

P(S|F)=P(astudentselectedatra
 
ByBayestheorem,wehave 
 
P(M|S) =P(astudent observed 
 
=P(Astudentselectedatrandomis
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f Bayestheoremwhichmaybestatedasfollows. 

exclusiveandexhaustiveeventsinasamplespac

hatP(B)>0,then 

 

f70%maleand30%femalestudents.Itisknownt

%ofthefemalestudentssmokecigarette.Findthe 
ved smokingacigaretteismale? 

lerespectivelyandSdenotessmoker.Theabovepr
ion. 
andomismale)=0.7 

andomisfemale)=0.3 

trandomsmokes giventhattheselectedstudentis

andomsmokesgiventhattheselectedstudentisfe

 smoking ismale) 

mismalegiventhattheselectedstudentisa smoke

paceΩand 

that 

e 

roblem 

tismale)=0.4 

emale)=0.2 

er) 
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= 
P(MnS) 

P(S) 
 

WhereP(S)  =P(astudentselecte
 
=P(S∩M)+ P(S∩F)=P(M)P(S|
 
=(0.7×0.4)+ (0.3×0.2) =0.28+0
 

Example2.18 
 
A tablehasdrawers.Drawer1 
fourredandthreeblackbirosandd
drawerischosenatrandomandab
 
(i)      thebiro chosenisblack 
(ii)     thebiro chosenisfrom dr
 
Solution 
 
Let  P(i)denotethe
1,2,3)andRandBrepresentingre

 

Then 

 
P(1) =1/3,P(2) =1/3,P(3),=1/3 
 
P(B|1)= 5/7,P(B|2)=3/7,p(B|3)=
 
Fromequation(2.3) 
 
(i)      P(B)=P(Bn1)+P(Bn2)+P
 

=1/3.5/7+1/3.3/7+1/3.6
 
(ii)     P(1|B)=P(thebirochosen
 

 

Definition2.5 

  PROBABILITYDISTRIBUTIONI

 

54 

edatrandomisasmoker) 

|F) 

0.06=0.34 

 

 containstwo redand fiveblackbiros, drawe
drawerIIIcontainsoneredandsixblackbiros.A 
biroischosenfromthedrawer.Findtheprobabili

rawerI ifthechosenbiro isblack. 

eprobabilitythatdrawer Iisselected 
edandblackbirosrespectively.  

 

)=6/7 

P(Bn3)= P(1)P(B|1)+P(2)P(B|2)+ P(3)P(B|3)

6/7=1/3(5/7+3/7+6/7)= 2/3. 

ncamefromdrawer1giventhatthechosenbirois 

 

erII contains 
s.A 

ility that 

d  (I–

) 

s black). 
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LetA,BandCbethreeeventssuchthatP(C)>0.thentheconditionalprobabilityofA 
BgivenCis definedby 
 
P(A   B|C)=P(A|C)+P(B|C)–P(A∩B|C). 
 
SELF-ASSESSMENT EXERCISE2 
 
1.       

Supposethataboxcontains5ballslabeled1to5.twoballsaredrawnatrandom(oneafter
theotherwithoutreplacement). Whatistheprobabilitythat 
(i)      thesumofthenumbersonthetwoballsselectediseven? 

(ii)     Thenumberonthefirstballdrawnisevenifitisknowthatthesumofthe 
twonumbersiseven. 

2.  Inalargepopulation,itisobservedthat30percentofthepeoplethatareblack 
havecanerand25percentofthepeoplearenot blackhavecancer.Assumethat10 
percentofthepopulationis black.Whatis theprobabilitythatapersonselectedat 
randomandfoundtohavecancerisnotblack. 

3.       A vaccineproducesimmunityagainstsmallpoxin 98percentof cases.Suppose 
that,inalargepopulation,20 percenthave beenvaccinated.Findthe 
probabilitythatapersonwhocontractssmallpoxhasbeenvaccinated,assuming 
thatavaccinatedpersonwithoutimmunity hasthesameprobabilityof contracting 
smallpoxasanunvaccinatedperson. 

4.      InafactorymachinesA,B,Cproducerespectively20,30and50percentofthe 
totalproduction.Oftheiroutput3,4,5percentrespectivelyaredefectiveitems. 
Anitemisdrawnatrandomfromthetotalproductionandisfounddefective. 
WhataretheprobabilitythatitwasproducedbymachineA,B,C? 

5.    Inafacultyofacertaincollege,60%ofthestudentsarefemale:20%ofthe 
femalesand50%ofthemalearestudyingmathematics.If astudentdatacardis 
selectedatrandomandthestudentisfoundtobestudyingmathematics,whatis 
theprobability thattheselectedstudentisamale? 

6.     InJAMBexaminationeachquestionhas5possibleanswers,exactlyoneofwhich 
iscorrect.Ifastudentknowstheanswerheselectsthecorrectanswer.Otherwise 
heselectsoneansweratrandomfrom the5possibleanswers.Supposethatthe 
studentknows theanswerto70%of thequestions. 
(i)      Whatistheprobabilitythatonagivenquestionthestudentgetsthecorrect 

answer? 
(ii)     Ifthestudentgetsthecorrectanswertoaquestion,whatistheprobability 

thatheknows theanswer? 

(iii)  whatistheexpectedscoreof thestudentintheexamination? 
7.   Atelevisionsetretailerfindsoutthat80%ofthiscustomersbuycolouredT.V., 

andthat4outofevery20customerswhobuycolouredT.Vsetalsobuy antenna. 
Calculatetheprobabilitythat: 
(i)      arandomlyselectedcustomerbuysantenna 
(ii)     arandomlyselectedcustomers who buysantennahasboughta coloredT.V 
(iii)    arandomlyselectedcustomerwhohasnotboughtanantennahasboughta 
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coloredT.Vset. 
8.  Inafactory,machinesA,B

respectively.Of theirou
bolt is chosen at ra
probabilitythattheboltca

9.   Fourpercent ofan artic
thearticlesproducedarer
isfoundthatone outof 
inspector,whileeverygo
customerbuysadefective

 
 
 
3.2Independence 
 
Thenotionofindependenceisaba
dietwice,andletA1betheeventth

theeventthatthesecondtossgive

eventthatbothtossesgiveevennu

probabilityofA2occurring. 

 

Therefore 
 
P(A2|A1)=P(A2)andP(A1∩ A

thattwoeventsA1andA2areinde

 
P(A1∩ A2)=P(A1)P(A2). 

 
Example1.19 
 
TossafairdietwiceandletAbethe
thetwonumbersshowingis7. 
 

Thus P(A∩B)=P(A)P(B)hen
events,wehavethefollowing de
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sA,BandCproduce20,30and40percentofthetotal 
utput 5,4and3percentrespectivelyaredefectiv
andom and found  to  be defective. 
amefrom machine(i)A (ii)B(iii)C? 
cle manufactured byacompany  are  de

reregularlyinspectedandthosefounddefectivearer
 everyeightof defectivearticleproducedism
ood articlepassesinspection.Whatistheproba
earticleproducedbythecompany? 

basictoolofprobabilitytheory.Considertossing a
hat thefirsttoss gives an evennumb

esanevennumber.TheeventA1 ∩A2 
numbers.TheoccurrenceofA1  do

∩ A2)=P(A1)P(A2|A1)=P(A1)P(A2). H

dependentif 

eevent“thefirsttossshows3”andBbethe even

 
ence,A andBareindependentevents. Ingene

efinition. 

l output, 
ve bolts. A 

. What isthe 

defective. All  
rerejected.It 

missedby the 
ability thata 

g a 
ber andA2 

2 isthe 

doesaffectthe 

). Hence,wesay 

entthesum of 

eralcaseof n 
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Definition2.6 
 
TheeventsA1,A2,…Anareindependentif 

 
(i)      P(Ai∩Aj)=P(Ai)P(Aj)for allI≠j 

 
(ii)     P(Ai∩ Aj   ∩ Ak) = P(Ai)P(Aj)P(Ak) for all I, j, k such that i ≠ j ≠ k(2.7) 
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(n-1)P(A1∩ A2∩ A3…An)=P

 
Thatis,theeventsA1,A2,…Ana

 
P(An1An2…Ank)=P(An1)P(A

everysubsequenceoftwoormore
 

An1,An2…Ankisasubsequenc

 
1≤n1<n2…nk≤n. 

 
If n=3,wehave,A1,A2,A3arein

 
(i)   P(A1∩A2) =P(A1)P(A

(ii)     P(A1∩ A2∩ A3)= P(A1
 
Condition(i) is calledpairwisei
always impliesindependence. B
followingexample. 
 
Example2.20 
 
Letapairoffairdiceberolledonce

even,A2=thenumberappearing

thetwonumbersiseven 
A1≡{(2,1),(2,2),(2,3),(2,4), (2,5)

(2,3),(2,5),(3,1),…} 
A3≡{(1,1),(1,3),(1,5),(2,2), (2,4

(6,4),(5,6)} 

A1∩A2≡{(2,1),(2,3),(2,5),(4,1),(4

A2∩A3≡{(1,1),(1,3),(1,5),(3,1),(3

 

Thus 
 

P(A1)= ½,P(A2)= ½,(P(A3)=½ 

 

P(A1∩ A2)=  --,P(A1∩A2)= -

 

P(A1∩ A2)=P(A1)P(A2;P(A

Thatis,A1,A2,A3arepairwisein

P(A1∩ A

 
Sincecondition(ii)isnotsatisfied
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P(A1P(A2)P(A3)…P(An) 

aresaidtobemutuallyindependentif 

(An2)…P(Ank) 

reevents. 

ceofA1,A2…Anifthesubscriptintegerssatisfy 

ndependentif 

A2) P(A1∩A3) =P(A1)P(A3) P(A2∩ A3)=P(A

1)P(A2)P(A3) 

irwiseindependent.Wemightthinkthatpairwisein
. But this is not  necessarily so, as  illustr

ce.Consider theevents.A1numberappearingon

gontheseconddieisodd={1,3, 5} andA3= the

),(2,6),(4,1),(4,2),…,(6,1),(6,2),…} A2≡{(1,1),(1

4),(2,6),(3,1),(3,3),(3,5),(4,2),(4,4), (4,6),(5,1),(5

4,3),(4,5),(6,1), 

3,3),(3,5),(5,1), (5,3),(5,5) A1∩A2∩A3= Φ. 

)=½  

-,P(A2∩ A3)= - 

A1∩ A3) =P(A1)P(A3);P(A2∩ A3)=

ndependentbut 

∩ A2∩ A3)= 0≠P(A1)P(A2)P(A3)= - 

d,weconcludethatA1,A2and A3arenotindepe

) For 

 

(A2)P(A3) 

ndependence 
rated by  the 

nthe firstdieis 

edifferenceof 

1,3),(1,5),(2,1), 

5,3),(5,5),(6,2), 

 (6,3),(6,5)} 

)=P(A2)P(A3) 

endent. 
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Definition2.7 
 
If theeventsA1,A2,…Anareind

 
P(A1∩ A2…An)=P(A1)P(A2)…

 
Example2.21 
 
Amanfires10shotsindependent
10times;(ii)atleastonce 
If hehas probability1/3of hittin
 
(i)      LetAibethe event “hehitst

 
A1∩ A2∩ …∩ A

independentevents. 

Therefore,theprobabilityof hitti
 
P(A1∩A2∩…,∩A10)=P(A1)P

 

(ii)     P(hittingthetargetatleasto
 
P(not hittingthetargetatall)=P(A

 
Where,Ai≡ nothittingthetarge

P(Ai)=1-  = . 

Hence 
 
P(Ā1∩ Ā2∩ …∩ Ā10)= P(Ā1
 
Examples 
 
2.22   Supposeaboxconta
theboxandthenasecond ba
box.Findtheprobabilitythat 
(i)      bothballsareblack 
 
(ii)     bothballsarered 
 
(iii)    thefirst ball isblackandth
 
(iv)    thesecondisred 
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dependentthen 

)…P(An)                                    (2.8) 

tlyatatarget.What istheprobabilitythathehits

ngthetargeton any givenshot. 

tsthetargetattheithshot”(I =1,2,3,…10) 

∩ …∩ A10istheeventhehitsthetarget10timesA1,A

tingthetarget10timesis 

P(A2)…p(A10)= 

once)= 1–P(not hittingthetargetatall). 

(A1∩A2∩… ∩ A10) 

getattheithshot.A1,A2,…,A10areindependent 

1)P(Ā2)…P(Ā10)=  

ains5redand3 blackballs.A ballischosenatr
ball is drawnatrandomfromtheremaini

hesecondisred 

59 

sthe target(i) 

,A2,…A10are 

t eventsand    

trandomfrom 
ingballsinthe 
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(v)     thesecondis black. 
 
Solution 
 
LetA1betheevent”thefirst ball 

Ā1be the event “thefirst ballis

Ā2be theevent”thesecondballisr

Ā2be the event “thesecondballis

 
(i)      P(bothballsareblack)=P(Ā

 

(iv)    P(A2)= P(A2∩ A1)+P(A

 

From(ii)and(iii)wehave 5    

    14
 
(v)     P(Ā2)=P(A1∩ Ā2)+P(Ā

     
2.23   Twofairdicearerolle
probabilitythatatleastonediesho
 
 
 
Solution 
 
LetAbetheevent:thediceshowd
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 isred  

llisblack  

llisred 

llisblack 

(Ā1∩ Ā2) 

 

(A2∩ Ā1)  

    + 15   = 35   = 5 

14 56 56 0 

(Ā1∩ Ā2)=53  +   3   -  3 

   0   7      26      0 
ed.Giventhatthediceshow differentnumbers,
ows a6? 

differentnumbers. 

s,what isthe 
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A ≡{(1,2),(2,1),(1,3),(3,1),(1,4
 
B≡Atleastonedieshow a6. 
 
≡ {(1,6), (6,1),(2,6),(6,2),(3,6),(
 
A ∩ B= {(1,6), (6,1),(2,6),(6,2),(
 

P(BDA)=

 
2.24   LetAandBbeanytwoeven
 
0.3andP(A B)=0.6.FindP(B)su
 
(i)      A and Bareindependent 
 
(ii)     A and Baremutuallyexcl
 
Solution 
 

(i)      If AandBareindependent

 

Thus 
P(A ∪B)=P(A)+

Wehave 
0.6= 0.3+P(B)– 

 

P(B)=  =0.43 
 
(ii)     If AandBaremutuallyexc
 
P(A∩ B)=0 
 
Thus 
 

P(A ∪ B)=P(A)+

0.6= 0.3+P(B)  

P(B)=0.3 
 
2.25   TwowomenA,andBs

anycallwillbeforAis  
.SupposethatAisoutofhe
Findtheprobabilitythatf

(i)      nooneisintoanswer theca
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4),(4,1),(1,5),(5,1), (1,6),(6,1), (2,3),…(5,6),(

),(6,3),(4,6),(6,4), (5,6),(6,5)} 

),(3,6),(6,3),(4,6),(6,4),(5,6),(6,5)} 

ntsdefinedonthesamesamplespace.SupposeP

uchthat 

 

lusive. 

t,thenP(A ∩B)=P(A)P(B)  

(A)+P(B)–P(A)P(B) 

 0.3P(B)= 0.3+0.7P(B) 

clusive,then 

(A)+P(B) 

dBshareanofficewithasingletelephone.Thepr

herofficeduringtheofficehourshalfofthetimean
tforanycallduring theworking hours 
all 

61 

(6,5) 

P(A)= 

robabilitythat 

ndBonethird.
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(ii)     A callcanbeansweredbyt
 
(iii)    Twosuccessivecallsarefo
 
(iv)    AcallerwhowantsAhastot
 
Solution 
 
(i)      P(AandBarenotin theoffi

 

 

(ii)     P(Acallcanbeansweredb
 

=P(callforA and Aisinth
 

= 
 
 
(iii)    P(for AA)+P(forBB)= 
 
(iv)    P(X>2) =1–P(X=1)–P(X =
 
WhereX number oftimefor aca

 

SELF ASSESSMENT EXERC

 

1.       (a)     Show thatifA andB

(i)      A and Bc, (ii)Aca
2.       LetAandBdenotetwoi

eitherP(A)=0orP(B)= 1
3.       Amanfires10shotsindep

shotis 1/3.Calculatethep
(i) noneoftheshotshitst
(ii)      Atleastoneshothitst
(iii) Thetargetishit atlea

4.       Aboxcontains6r
oneaftertheotherwithou
(i)      thefirsttwo arewh
(ii)     thefirsttwo arewh
(iii)    twoareredand one
(iv)    thesecondballdrawn
(v)     thethirdballdrawnisw

5.       A dieisrolled8times.Wh
(i)      exactly2 sixesapp
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ythepersonbeingcalled 

eforthesamewoman 

stotrymorethantwotimestogether. 

ffice)= 

bythepersonbeingcalled) 

heoffice)+P(callfor BandBisin theoffice) 

(X =2). 

callerwhowantsA hastotry together. Thus, P(X>

RCISE3 

dBareindependentevents,then 

andBcarealsoindependent. 
oindependentevents suchthatA isasubset of B.
1. 

ependentlyatatarget.Theprobabilityofhittingthe
probabilitythat 
tsthetarget 

itsthetarget 
easttwiceifitis knowthatitishitatleastonce. 
s6redballsand4whiteballs.Threeballsaredrawnfr
utreplacement.Find theprobability that 
hiteandthethirdred 
hiteandthethirdwhite.  
e iswhite 
wn isred 

wniswhite 
hatistheprobabilitythat 
pear.  

 
 

(X>2) =1- 

f B.provethat 

etarget atany 

wnfromthebox 
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(ii)     atleast2 sixesappe
(iii)    atmost2sixesappe

6.       ProvethatifA1,…,Anarei

(i) P(A1∪
A2 ∪

… 
∪

A

(ii) P(A1 A2  … 

Hint:(1–x1)(1–x2)…(1–

7.       Show thatP(A∩B∩C)=P

8.       
Adieistossedntimes.Wh

ses. 
9.       Suppose thatAorBoccursis
10.     Aboydecide

heads.FindPn,theprobab

11.      Six blood samples a
cancerous.Whatisthepro
arecancerous? 

12.     ProvethatifA1,A2,…An

P(A1∩ A2…∩ An)>1–

 
13.     Provethat 

(i)      P(A∩ Bc)=P(A)–

(ii)     P(A∩ Bc)=1-P(A) 

(iv)    P(A∩ B)≥P(A)+ 
14.  three coinshaveprobab

selectedatrandom,thatis
head,whatisthe probabi

15.  On acertainweekendthe
A andBwillbeselectedb

16.  A box containsnwhite
ballsnumbered1 to 
whatisthe probabilityth
numbers. 

17.  Onthefirstround,threefa
areflippedatrandom 
exactlyonehead,whatist
inexactlytwohead? 

 
4.0 CONCLUSION 
 
By now the idea of using Bayes’ Theorem for calculating probability of mutually 
exclusive events has been dealt with together with calculation of independent events.
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1 2 x ≤1 

c

ear.  
ear. 

reindependenteventsthen 

An)=1–[1–P(A1)}{1–P(A2)]…[1–P(An)] 

An)≤1- e
–[P(A1) + P(A2)+ …+ P(A

n
)]  

–xn)≥e-(x  +x
+…+xn)i 

P(ADB∩C)P(BDC)P(C).
 

hatistheprobabilitythata6appearsatleasttwotim

rsis 0.7whileP(A)=0.2,findP(B). 
estocontinuetossingafaircoinuntilhehasthrownt

ability thatexactlyntosseswillneeded. 

are selected from 40 blood samples, of wh
obabilitythatexactlytwoofthebloodsamplesse

nareany n events,then 

–{P(A2
c)+ P(A2

c)+…+P(An)}. 

–P(A ∩ B) 

(A) –P(B)  P(A ∩ B) (iii)    P(A)= P(A∩ B)+P

A)+ P(B)–1. 
bility0.5,0.6and0.8forheadsrespectively.One
s,withequalchanceforeach,andtossed.Iftheout
ilitythatthecoinwithprobability 0.8for headsw

hereare4movies.Calculatetheprobabilitythat a
byoneormoreof the3students. 
eballsnumbered1ton,nblackballsnumbered1to

 n.iftwo ballsaredrawn atrandomwithoutr
hatbothballs willbeof thesamecolouror be

aircoinsareflippedatrandom.Thecoinsresultin
m onthesecondround. Ifthesecondrou

tistheconditionalprobabilitythatthefirstround 

idea of using Bayes’ Theorem for calculating probability of mutually 
exclusive events has been dealt with together with calculation of independent events.

63 

mesinthentos

wntotalofthree 

hich four are 
elected 

P(A ∩ Bc) 

e of thenis 
tcome is 
was selected? 
atleastone of 

d1ton,and n red 
treplacement, 
ear thesame 

ngin heads 
oundresultsin 

d ended 

idea of using Bayes’ Theorem for calculating probability of mutually 
exclusive events has been dealt with together with calculation of independent events. 
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5.0 SUMMARY 
 
Recall that in this unit we have studied the calculation of probability of mutually 
exclusive events using Bayes’ theorem. We also established the calculation of the 
probability of independent events. 
 

6.0 TUTOR-MARKED ASSIGNMENT 
 
1. State the number of different arrangements or permutations consisting of 3 

letters each which can be formed from the 7 letters A,B,C,D,E,F,G. 
 

2. A student tossed a fair coin until he has thrown total of four heads. Find Pn, the 
probability that exactly n tosses will be needed. 
 

3. A basket contains 4 red balls and 6 white balls. Three balls are drawn from the 
box one after the other without replacement. Find the probability that  
(i) Two are red and one is white 
(ii) The third ball drawn is white 
(iii) The first two are white and the third red 

 
7.0 REFERENCE/FURTHER READING 
 
Harry Frank & Steven C. Althoen (1995). Statistics: Concepts and Applications. 

Cambridge  University Press. 
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UNIT3 DISCRETE RANDOM VARIABLES 
 

CONTENT 

 
1.0 Introduction 
2.0  Objectives 
3.0  Main Content 

3.1 Discrete Random varianles 
3.2 Properties of the probability distribution function 
3.3 Special discrete random variables 
3.4 Bernoulli   
3.5 Trail The Binomial 
3.6 The Binomial Random variable 

4.0  Conclusion 
5.0  Summary 
6.0  Tutor-Marked Assignment 
7.0  References/Further Reading 
 
1.0  INTRODUCTION 
 
A random  variable is a  variable whose  actual numerical value is  determined by 
chance.There   aretwoeasilyidentifiabletypesofrandomvariables,discreteand 
continuous.A discretevariableisone thattakesonlya limitednumberofpossible 
values,otherwisethe variableiscalledcontinuous. This unitisdevotedtodiscrete 
randomvariables. 
 
2.0  OBJECTIVES 
 
At the end of this unit, you should be able to: 
 
 state the probability density function of a sample space 
 state the properties of the district random variables 
 solve the probability density function with replacement and without 

replacement 
 statethe Bernoulli Trail, Bernoulli random variable. 
 

3.0  MAIN CONTENT 
 
3.1 DiscreteRandomVariable 
 

Random variable which takes on a finite or countable  infinite number of values is 
called a discrete random variable which one which takes on a noncountably  infinite 
number of values is called a nondiscrete or continuous random variable. 
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Example3.1 
 
ConsidervariableX, the numberof heads inthreetossesof a coin. Therearefour 
possiblevalues(0,1,2,3,) of X. 
 
TheactualvalueassumedisduetochancethereforeXisarandomvariable.The 
samplespacefor thisexperimentis 
 
Ω= {HHH, HHT,HTH,THH,HTT,THT,TTH,TTT}  
X =0iftheoutcomeisTTT 
X =1iftheoutcomesisHTT,or THT,orTTH  
X =2iftheoutcomeisHHTor HTHor THH  
X=3iftheoutcomeisHHH 
 
Letpbetheprobabilityofthecoinlandingtail.Sincelandingtailandlandingheadare 
exhaustiveeventstheprobabilityof thecoinlandingheadis1-p. 
 
P(T∩ T∩T)=P(T)P(T)P(T)  
 
Sincetheoutcomeateachtrialsareindependent. 
 

P(TTT)= p.p.p=P3 
 

P(HTH)=P(T)P(H)P(H)=p(1-P) (1-P) =(1-P)2 
 

P(HTH)=P(H)P(H)P(H)=( 1-P) (1-P)= P(1-P)2 
 

P(HHT)=P(H)P(H)P(T)=(1-P)(1-P)P==(1-P)2 
 

Theprobability ofgettingtwoheads=P(THH)+P(HTH)+P(HHT)= 3P(1-p)2 
 
Similarlywehave 
 

P(ohead)=P(TTT)=p3 
 

P(1head)=P(HTT)+P(TTH)+P(THT)=3p2(1-p)  

P(3heads)=P(HHH)=(1-p)3 
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Thuswehavethefollowingtable 
 
Heads 0 1 2 3 

Probability P3 3p2(1- p) 3p(1– p)2 (1–p)3 

 

P(0head)=P(X is 0)=p3,p(X=1)3p2(1-p)andsoon 
 
Therandom variableXdefinedaboveisanexampleof whatiscalledadiscreterandom 
variable.ArandomvariableisdenotedbyacapitallettersuchasX.Y,Z…andthe 
valuesthattherandom variabletakesonisdenoted byalowercaseletterx,y,z… 
Thenotation(P(X=x)meanstheprobabilitythat therandom variableX takesonthevalue x. 
 
Definition3.1 
 
ArandomvariableXonasamplespaceΩisafunctionassignedtoeachelementΩone andonly 
onerealnumberX (Ω) =x,thespaceof X isthesetof realnumber 
Φ ={x:x=x(Ω),Real (Ω)}. 
 
Definition3.2 
 
Arandomvariablexisdiscreteif i tcanassumeatmostafiniteoracountableinfinite 
numberofpossiblevalues. 
Intheaboveexample, 
 
Ω= {w1, w2. W3, ………wn.} 
 
Wherew1= HHH,w2=HHT…,w8= TTT 

 

={0,1,2,3}andX (w1)= 3,X(w2)=2.X(w3)= 2,X(w4)=2 

 
X (w5= 1,X(w6)=1,X (w7=1,X (w8)=0 

 
Thatis{w:X(w)=x1}id anevent 

 
Definition3.3 
 
The real valued function f defined on R by f(x) = p(X = x) is called the discrete 
probabilitydensityfunctionof X. 
 
LetXbeadiscreterandomvariableandsupposethatthevaluesitcanassumearex1, x2…,xn 

 
Theprobability canbewrittenas 
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P(X= x1)=f(x1),=P(X=x2)= f(

F(x) iscalled probabilitydensit
 
For anillustration,letus conside
 
Example3.2 
 

Supposeapairoffairdiceistossed
minimumrespectivelyofthetwo
 
(i)X,(ii)Y,     (iii)Z. 
 
Solution 
 
ThesamplespaceΩ={(1,1),(1,2
 

(i)      P(X =2)=P{( 1,1)}=  
36

1

P( X =3)=P{(1,2), (2,1)  =
36

2
 

P(X =4) =P{(1,3),(3,1) ,(2,2)} =

 

P(X =12)=P{(6,6)}= 
36

1
 

Intabularformwehave 
 
X 2 3 4 5

F(x) 1 
36 

2 
36 

3 
36 

4
3

 

infunctionform 
 
(ii)     Y =Maximumof thetwo 
PossiblevaluesofYare1,2,3,4,5
 
g(1)= P(Y=1)=P{(1,1)}=1/36 
 
g(2)= P(Y= 2) =P{(1,2),(2,1) (
 
g(3)= P(Y=3)=P(1,3),(3,1),(2,3

  MODULE 2

 

)= f(x2)…,P(X =xn)=f(xn) Suchthat 

tyfunctionof X 

erthefollowingexamples. 

donce,LetX,Y,Zrepresentthesum,maximum 
etwonumbersappearingfind theprobabilitydensityf

2),…, (6,6)} consistof36elements 

36
 

 

} =
36

3
 

 

5 6 7 8 9 10 11

4 
36 

5 
36 

6 
36 

5 
36 

4 
36 

3 
36 

2 
36

wo number  
5,6 

 

(2,2)= 3/36 

3) (3,2) (3,3)} = 5/36 

71 

m and 
yfunction of 

1 12 

 
6 

1 
36 
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g(4)= P(Y=$)=P{(1,4)(4,1) 2,4) (4,2) (3,4) (4,3) (4,4) = 7/36 
 
g(5)= P(Y=5) =P{(1,5), (5,1),(2,5) (5,2) (3,5) (5,3)(4,5)(5,4)(5,5)= 9/36 
 
g(6)= P(Y=6) =P{( 1,6),(6,1) (2,6) (6,2)(3,6)(6,3)(4,6) (6,4) (5,6) (6,5)(6,6)  = 11/36 
 
Puttinginforma tablewehave 
 

Y 1 2 3 4 5 6 

g(y) 1 
36 

3 
36 

5 
36 

7 
36 

9 
36 

11 
36 

Thiscan bewritteninafunctionalformas 
 
(iii)    Z= Minimum of thetwo numbers 
 
ThepossiblevaluesofZare1,2,3,4,5,6 

P(Z-1)= P{(1,6), (6,1)(1,5)(5,1)(1,4)(4,1) (1,3)(3,1)(1,2)(2,1)(1,1)= 
36

11
 

P(Z=2)=P(2,6)(6,2)(2,5)(5,2)(2,4(4,2) (2,3)(3,2) (2,2) = 9/36 
P(Z=4)P{(4,6)(6,4)(4,5) (5,4) (4,4) = 5/36 
 
P(Z=5)=P(5,6) (6,4) (5,5) = 3/36 
 
P(Z=6) =P(6,6) = 1/36 
 
Puttinginformofatablewehave 
 

Z 1 2 3 4 5 6 

h(z) 11 
36 

9 
36 

7 
36 

5 
36 

3 
36 

1 
36 

 

H(Z)= 13 – 2zz=1,2,3,4,5,6 
36 

 
=0for othervaluesofx. 
 
The probability density function of  a discrete random variable X has the following 
properties 
(i) O <f(x) <1,xER 
(ii) {X:f(x) =0} isafiniteor countableinfinitesubsetof R  
(iii)    ∑f(xi)=1 

 

Example3.3 
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LetX,Y,Zbetherandom variableintroducedinexample3.1above 
 
The above three properties are satisfied, properties (i) &(ii) are immediate from 
definitionof probabilities.Tocheck(iii)wehave 
∑f(x1)=1/36+ 2/36+3/36+ 4/36+ 5/36+6/36+5/36+4/36+3/36+2/36+1/36=1 

 
∑G (yi)= 1/36+3/36+5/36+7/36+ 9/36 +11/36=1 

 
∑h(zi)=11/36+9/36+7/36+5/36+ 5/36+3/36 +1/36=1 

 
Example3.4 
 
Supposeaboxcontainsballsofwhich4areredand6areblack.Arandomsampleof 
size3isselected.LetX denotethenumberofredballsselected.Find theprobability 
densityfunctionofxif 
 
(i)Samplingiswithoutreplacement 
 
(ii)Samplingiswithreplacement 
 
(iii)    ThepossiblevaluesofXare0,1,2,3. 
 

P(X= 0) =(Pnoredball in thethreeballsselected)=6C3=65  4  =1 

10c5      9 8     6 

 

P(X= 1) =P(1redand2blackballs)=4C1x 6C2=1 

10C3          2 

P(X= 2) =4C2x6C1=3 

10C3         10 

 

P(X= 3) =4C3/10C3 =1 

30 

 

 

 

Thusthep.d.fis 
X 0 1 2 3 

F(x) 1 
6 

1 
2 

3 
10 

1 
30 
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As acheck,weaddupalltheprob
 
1/6+½ +3/10+1/30=1 
 
(ii) Samplingwith replacem
 
P(X= 0) =P (firstballis black
ofblackatany drawingis 
6/10=3/5 
 
Thisvalueisconstantsincedrawi
 

P(bbb) =                

 
P(X= 1) =P(Rbb)+ P(bRb)+P(
 

=  
 

Similarly, 
 

P(X= 2) =
 

 

P(X=3) =P(RRR)=  

 
Thus,thep.d.fofXis 
 

X 0 1 

 
f(x) 

  

 

Thiscan bewrittenas 
 

f(x) =  
0        else

Example3.5 
 
A box contains6 balls
theother.LetX denotethel
probabilitydensityfunctionof X 
(i)Samplingiswithoutreplacem
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abilities 

ment 

k,secondblackandthethirdblack)=P(bbb). Th

wingiswithreplacement.Therefore 

) =                 

(bbR)= 

2 3 

 

 

 

ewhere 

llslabeled1,2,3,4,5,6twoballsaredrawn atran
largerofthetwo numbersontheballsselect

f X if 
ment (ii)Samplingiswith replacement 

   
 

 

heprobability 

ndomoneafter 
ted,obtainthe 
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Solution 
 
(i) ThepossiblevaluesofXa

1sincesamplingiswithou
 

P(X= 2) =P{(1,2),(2,1)}= 
 
 
P(X= 3) =P{(1,3),(3,1),(2,3), (
 
P(X=5)=P{(1,5), (5,1),(2,5),(5
 
Similarly, 
P(X= 6) = 
 
Thustheprobabilitydensityfunc
 

 
X 

 
2 

 
f(x) 

 
1/15 

 

Infunctional,form,this canbewr
 

f(x) =                           x=
 
  0                   else
 
 
(ii)   ThepossiblevaluesofX 

isapossibleoutcome. Th
 
P(X= 1) =P(1,1) = 

 

P(X= 6) =P{(1,6),(6,1),(2,6), (

Hencetheprobabilitydensityfun
 
 
X 

 
1 

 
2 

 
f(x) 

 
1/36 

 
3/3

 

Infunctionalform wehave 
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are2,3,4,5,6.Thelargerofthetwonumberscanno
utreplacementandwecannotgetsamenumbertw

(3,2)} = 

5,2),(3,5),(5,3),(5,4),(4,5)}=  

nction ofXis 

 
3 

 
4 

 
5 

 
6 

 
2/15 

 
1/5 

 
4/15 

 
1/3 

ewrittenas 

) =                           x=2,3,4,5 

ewhere 

 are1,2, 3,4, 5, 6.Thelargercanbe1inthiscas
hesamplespaceconsists36possible outcomes 

(6,2).,,,(6,6)} =  

nctionX is 

 
 
3 

 
4 

 
5 

36 
 
5/36 

 
7/36 

 
9/36 

75 

otbe 
wice. 

se since(1,1) 
 

 
6 

 
11/36 
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f(x) =            x=1,2,3,4,

 
3.6      Acoupledecidesthatt

andagirlinthefamilyorthe
andgirlsareequally 
family.Findtheprobabili

 
Thenumberof childreninthefam
 
P(X= 2) =P{(B,G), (G,B)} 
 

Thatis,thecouplewillstophavin
or thefirstisagirland theseconda
 

Thus, 
 

P(X= 2) =P(B,G)+P(G,B)=P(B)
 

 
 

Similarly, 

 

P(X= 3) =P{(BBG),(GGB)}=P
 
Hence,theprobabilitydensityfu
X 2 

f(x) ½ 

 

SELF-ASSESSMENT EXER
 
1.   Afaircoinistosseduntila

thecoin.Computetheprob
 
2.   Aboxcontains2redballsa

replacementuntilablueba
Computethep.d.fof X 

3.       Thepdfof arandomvariab
 

 
X 

 
1 

 
f(x) 

 
K 
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,5,6 

theywillcontinuetohavechildrenuntileitherthe
heyhavefour children.Assum

y likelytobeborn.LetXdenotethenumberofc
ility densityfunctionofX. 

amilycaneitherbe2,3,or 4. 

ngmorechildrenifthefirstchildisaboyandthesec
daboy. 

B)P(G)+P(G)P(B) 

P(BBG)+P(GGB)= 

unctionofX is 
3 4 

¼ ¼ 

RCISE1 

tilaheadorfivetailsoccur.LetXdenotethenumbero
obabilitydensityfunctionofX. 

and3blueballs.Ballsaresuccessivelydrawnwit
ballisdrawn.LetXdenotethenumberof dr

bleX isgivenby 

 
3 

 
4 

 
6 

 
8 

 

 
 

 

 
 

 

 
 

 

 
 

ey haveaboy 
mingthatboys 
fchildreninthe 

condof girl 

of tossesof 

ithout 
rawsrequired. 
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Find(i)K(ii)P(X≥3). 

 

4.       Tossafaircointwotimes.L
5.       Acoinwithprobab

numberof times thecoin
6.      Afairdieistossedtwice.Le

Findthepdfof X 
7.       Afaircoinistossed

headsand thenumberof t

8.       Thepdfof aran
elsewhere}.Findthevalu

 
Definition3.3 
 
ProbabilityDistributionfunctio
functionf(x).Theprobabilitydis
F(x) =p(X ≤x) for xreal. 
 
=  

 
PropertiesoftheProbabilitydi
 
1.       Fisanondecreasingfuncti

F(a)<F(b). 

2.       lim F(b)=1. b-∞ 

lim F(b)=0 b-∞ 
3.       Fisright continuous.Tha
LetAbeanysubsetofRandletf(x
computeP(X εA) bynotingthat
{w:X(w)εA} =U{w :X(w) =xi
 
XiεA 

Thus 
P(XεA) =  
 
If Ais an intervalwithendpointsa
 
Then 
 
{(Xε A) =P(a≤X ≤b)=
 

Example3.7 
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LetXbethenumberofheadsobtained.Findthepd
abilitypofaheadistosseduntilaheadappears.Le
nistossed. Findthepdfof X. 
etXdenotetheproductofthetwonumbersappear

d3times.LetXrepresentthedifferencebetween
f tailsobtained.Find thepdfof X. 

ndomvariableX isgivenbyf(x) ={k2x,x=1,
ueof K. 

on.LetXbearandomvariablewithprobabilityde
istributionfunctionofX denotedf(x) is defined

istributionfunction 

tion,thatisifa<b,then 

atisF(b+) =F(b). 
x)betheprobabilitydensityfunctionofX.ewcan 
t{w:X (w) εA} isaneventandthat 

i}. 

tsaandb,sayA =[a,b]. 
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dfofX. 
etXdenotethe 

ring. 

nthenumberof 

,2,3,…N,zero 

ensity 
dby 

n 
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ConsidertherandomvariableXt
tossedtwiceof Example3.2.The
 
 
X 

 
2 

 
3 

 
4 

 
5

 
F(x) 

 

 
 

 

 
 

 

 
 

 

 

 

Supposewewishtofindtheproba

 
P(4≤X ≤9)= P(X =4) +P(X = 5
 
= 
 
 
Thiscan alsobewrittenasP(X≤9)–
 
3.2     SpecialDiscreteRandom
 
3.2.1  InSection3.1weintrodu

functionofsome r
variablesweredetermine
importantthatnamesareg

Inthissectionweshallconsiderin
randomvariables. 
 
BernoulliRandomvariables 
 

Definition3.4 
 
BernoulliTrail: 
 
Arandomtrailor expe
mutuallyexclusiveandexhausti
Bernoullitrail.Therandom v
random variable(X).letX=0ifo
any variableassumingonly two

 

Suppose thatwetossacoinonc
coinisfairandletdenotetheoutco
ortails.Thesetwovaluesaremutu
possibleoutcomesofthetosswith
 
X.ThatX =1whenaheadappears
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thesumofthetwonumbersappearingwhenafair
eprobabilitydistributionfunctionforX is given

5 
 
6 

 
7 

 
8 

 
9 

 
10 

 
11

 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 

abilitythatXisbetween4and9(4and9inclusive)

5)+P(X= 6) +P(X= 7)+P(X =8) +P(X =9) 

– P(X ≤3)=                      =           = F(9)–F(3) 

mVariables 

oduceddiscreterandomvariablesand theprobab
e r

ned.Somevariablesaresocommonand 
giventothem. 

rinconsiderabledetailanumberofimportantdiscr

perimentiswhichtheoutcomecanbeclassifiedi
ivewaysusuallycalled  successorfailureis
variableassociatedwith Bernoullitrailiscalle
outcomeisafailureandX =1iftheoutcomeisasu

y twovaluesis calledaBernoullirandomvariable. 

nce.Lettheprobabilityofitlandingheadbep.p= 
omeofthetoss.Thentherearetwopossiblevalue
ually,exclusiveandexhaustiveandwemayasso

sswithvalues1,0oftherandomvariables 

rsandX =0whenatailappears. 

 

irdieis 
nby 

1 
 
12 

 

 

 
 

)we writeitas 

obability density 
e random 

rete 

dintooneoftwo 
scalled  a 
edaBernoulli 

uccess. Thatis 

= -, ifthe 
esforX,Heads
ociatethetwo
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P(X= 1) =p,P(X=0)=1–p. 
 
Thep.d.f.of X is 

 
X 

 
0 

 
1 

 
f(x) 

 
1–p 

 
P 

Or infunctionalform 
 

F(x) =  pX(1–p)1-x,   x=0,1 
0                    elsewhere                                      3.1 

 
f(x)asdefinedaboveiscalledtheBernoulliprobabilitydensityfunctionandany variable X 
having(3.1)hasitsprobabilitydensityfunctioniscalledaBernoullirandom variable 
andissaidtohavetheBernoullidistribution. 
 
 
3.2.2  TheBinomialRandomVariable 
 
Thisisoneof themost importantrandomvariablesinstatisticsand themostimportant 
discreterandomvariable.ConsidernindependentrepetitionsofBernoullitrails.LetXi,I= 1, 

2,…, n be Bernoulli random variables associated with the trails. The 
randomvariablesX1,X2,…Xn 
areindependentBernoullirandomvariables.Letusassumethe probabilityofsuccessisp and 
failure1-pand 
 
P(x1=1) =p 

 
Then,sumSn=+x2+---+XnisthenumberofsuccessesinnBemoullitrials.Thatis,Sn is a 

counting-variablecounting the numberofsuccessesin nrepeatedtrials.Thisrandom 
variableSniscalledtheBinomialrandomvariable.ThepossiblevaluesofSn  are0,1,2,3,4,---

-,n. 
 
P(Sn=0)= p(nosuccess) 

=p(1sttrailisafailure)P(2ndtrailisafailure)…P(nthtrailisafailure). 
 
=P(X1=0) P(X2= 0)P(X3= 0)…P(Xn= 0) 

=(! –p)(1–p)(1–p)…(1–p)= (1-p)n.  

 

Snis1ifthesequenceofoutcomeis 
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1000000…0or010…0 or 0.010…0,…0000001 
 
P(Sn=1)= P(1,0,0,0,…0) +P(),1,0,0,…,0) +…+P(0,0,…1) 

 
=P(X1=1)P(X2=0)…P(Xn=0) +P(X1=0)P(X2=1)…P(Xn=0)+…+P(X1=0)…P(Xn=1) 

=P(1–p)…(1– p)+(1-1)P(1–p)…(1– p)…(1–p)+(1–p)(1–p) 
 

=P(1-p)n-1+P(1-p)n-1+…+P(1-p)n-1= np(1-p)n-1 
 
Similarly, 

P(Sn=2)= nC2P2(1-p)n-2 

 

WherenC2 isthenumberofsequencesinwhichexactly2havevalue1andtheothers0 e.g. 

(1,1,0,0,0,0,0,…,0),(1,0,1,0,…,0)… 

Ingeneral,itcaneasilybeseenthat 
 

P(Sn=k)= nC2pk(1-p)n-k,k= 0,1,…,n 

WherenC2isthenumberof sequencesinwhichexactlykhavevalue1andothers0. For 

examplewhenn=4,possiblesequencesofoutcomesaregivenbelow. 

 
 
Sequence                          Sn                                           P(Sn) 

(0,0,0,0) 0 (1–p)4 

(1,0,0,0) 1 P(1–p)3 

(0,1,0,0) 1 P(1–p)3 

(0,0,1,0) 1 P(1–p)3 

(0,0,0,1) 1 P(1–p)3 

(1,1,0,0) 2 P2(1– p)2 

(1,0,1,0) 2 P2(1– p)2 

(1,0,0,1) 2 P2(1– p)2 

(0,1,1,0) 2 P2(1– p)2 

(0,0,1,1) 2 P2(1– p)2 

(0,1,0,1) 2 P2(1– p)2 



STT211  MODULE 2

 

81 
 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Thus,P(Sn=0)= (1–p)4 

P(Sn=1)= 4p(1– p)3 

P(Sn=2)= 6p2(1– p)2 

P(Sn=3)= 4p3(1-p) P(Sn=4)= p4 

Theorem3.1 
 
LetSn denotenumberofsuccessesinnrepeatedBernoullitrails,withprobabilityof successp. 

theprobabilitydensityfunctionofSnisgivenby 

f(x) =P(Sn= x) =nCxpx(1– p)n-x      x=0,1,…,n                    (3.2) 

 
0 
Definition3.5 

(1,1,1,0) 3 P3(1–p) 

(1,1,0,1) 3 P3(1–p) 

(1,0,1,1) 3 P3(1–p) 

(0,1,1,1) 3 P3(1–p) 

(1,1,1,1) 4 P4 
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AdiscreterandomvariableXdenotingtotalnumberofsuccessesinntrailsissaidto 
havethebinomialdistributionif 
 

P(X= x) =nCxpx(1-p)n-x;x=0,1,2,…,n 

0≤  p≤ 1 
 
Theconditionsunderwhichbinomialdistributionwillariseare 
 
(i)      Thenumberof trailsisfixed 
(ii)     Thereareonlytwo possibleoutcome‘success’or ‘failure’ateachtrial.  
(iii)    Thetrailsareindependent 
(iv)    Theprobability pof successateachtrailisconstant 
(v)     Thevariableisthetotalnumberofsuccessesinntrails. 
 
Example3.8 
 
A soldierfires10independentlyatatarget.Findtheprobabilitythathehitsthetarget.  
(i) once 
(ii) atleast9times                           
(iii) atmosttwotimes. 
 
Ifhehasprobability0.8ofhittingthetargetatanygiventime?LetXdenotethenumber of 
timeshehitsthetarget.ThenX isabinomialvariablewithn=10andp= 0.8 
Fromequation(3.2),wehave 

P(X= x) =10Cx(0.8)x(0.2)10-x 

(i)      P(X= 1) =10Cx0.8(0.2)9= 8(0.2)9 

(ii)     P(Hehitsthetargetat least9times)=P(X≥9) 
=P(X =9) +P(X =10) 

P(X= 9) =10C9(0.8)9(0.2) =10×(0.8)9× 0.2=2(0.8)9 

P(X= 10)=10C10(0.8)10 = (0.8)10 

 
Hence, 

P(X≥9) =2(0.8)9+(0.8)10= (0.8)9(2+0.8)=(0.8)9(2.8)= 0.3758  
(iii)    P(atmosttwice)=P(X≤2) =P(X= 1) +P(X=2) 

P(X= 0)=(0.2)10; 

P(X= 1) =8(0.2)9; 

P(X= 2) =45(0.8)2(0.2)8 
Thus, 

P(X≤2) =(0.2)10+ 8(0.2)9+ 45(0.8)2(0.2)8=0.00008. 
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Example3.9 
 
Afairdieisrolledfourtimes.Findt
ossofadieandletXbenumberofs
variablewithn=4 andp=1/6. Th
 
 

P(X= 2) =4C2                            ..

 
Example3.10 

 

Supposethatacertaintypeofelec
than800hours.Outof50bulbs,w
800hours. Let X be the numb
AssumingthatXhasaBinomiald

P(X= x) =50Cx(0.3)x(0.7)50-x

 
P(X<3) =P(X =0)+P(X =1)+P(X =

P(X= 0) =(0.7)50;P(X=1) =50

P(X= 2) =50C2(0.3)2(0.7)48. 

 
Thus, 
 

P(X<3) =(0.7)50+ 15(0.7)49+
 
 

SELF ASSESSMENT EXERC
 
1. Afaircoinistossed4time

occur(ii)atleast3 headso
2.   Aninvestigationrevealst

whentreatedwithanewdr
drug,computetheprobab
fourpatientsarecured 

3.   Amanfires12shotsindep
(i)      Whatistheprobab
(ii)     Howmanyti

atleastonceis gre
4.       Six childrenareborninah

(i)      theprobability tha
(ii)     theprobability tha
(iii)    themostlikelynumb

 

4.0 CONCLUSION 
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dtheprobabilityofgetting2sixes.Letuscallasixa
fsixes(successes)in4trails.Xis bino
hus, 

.. 

ctricbulbhasaprobabilityof0.3offunctioningm
s,whatisprobabilitythatlessthan3willfunctionmo

number of bulbs functioning more than 
distribution, 

x 

(X =2)  

0.(0.3)(0.7)49 

 

+110.25(0.7)48= 0.0000046 

RCISE2 

es.Computetheprobabilitythat(i)exactlytwohe
occur. 
thatfouroutofeveryfivepatientsarecuredofma
rug.Ifasampleoftenpatientsistreatedbythenew 
bilitythat(i)exactlysixpatientsarecured,(ii)atm

ependentlyatatarget.Theprobabilityofhittinghi
bilityofhishittingthetargetatleasttwotimes? 
imesmusthefiresothattheprobabilityof hishitt
eaterthan7/9? 
hospitalinagivenday.Calculate 
atthenumberofboys isthe sameasthenumbero
attherearemoregirlsthanboys 

numberof boys. 

83 

asuccessonat
omialrandom 

more 
ore than  

n 800 hours. 

eads 

alaria 
w 
most 

istarget is¼. 

ttingthetarget 

ofgirls.  
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Unitintroducesideaof arandom
 
Section3.2-3.4aredevotedtosom
BinomialPoisson, uniform,and
 

5.0 SUMMARY 
 
The unit had treated the following:
 
 Discrete Random variables
 Properties of the probability distribution function
 Special discrete random variables
 Bernoulli Trail 
 The Bernoulli Random variable
 

6.0 TUTOR-MARKED ASSIGNMENT
 
1. Anexperimenthas90per

failure.Theexperimentis
 (i) Nosuccess          

(ii) Nofailure           
(iii) Twosuccessesan

2.LetXbeaBinomialrandomvar
 (i)      P(X= k) firstincre

(ii)     Theval
equalto(n+1)P 

 (iii)    P(X=k) =
 
3. Afaircoinistossedrepeat

thatexactlyntossesarenee

4.  Show that(i) nCxp

(ii)   nCxpx(1– 

  0<p<1. 
 
7.0 REFERENCE/FURTHER READING
 
Harry Frank & Steven C. Althoen (1995). Statistics: Concepts and Applications. 

Cambridge  University Press.
UNIT 4 GEOMETRIC RANDOM VARIABLE
 
CONTENT 
 
1.0 Introduction 
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mvariableand itsprobabilitydensity function.  

mespecial  discreterandomvariabl
dnegativebinomial. 

The unit had treated the following: 

Discrete Random variables 
Properties of the probability distribution function 
Special discrete random variables 

The Bernoulli Random variable 

MARKED ASSIGNMENT 

rcentprobabilityofsuccessand10percentproba
tisrepeatedfour times.Findtheprobabilityofobt

 
 
ndtwofailures. 
riablewithparaments(n.p).show that 
easesmonotonicallyandthen decreases mono
lueofkthatmaximizesP(X=k)isthelargestintege

 

tedlyuntilthreeareobtained.FindPn,theprobab

eeded. 

px(1–p)n-x=1    

 p)n-x=np 

REFERENCE/FURTHER READING 

Harry Frank & Steven C. Althoen (1995). Statistics: Concepts and Applications. 
Cambridge  University Press. 

GEOMETRIC RANDOM VARIABLE 

 

les.Bernoulli, 

abilityof 
taining 

otonically. 
egerlessthanor 

bility 

Harry Frank & Steven C. Althoen (1995). Statistics: Concepts and Applications. 
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2.0 Objective 
3.0 Main Content 

3.1 Geometric Random Variable 
3.2 Pascal or Negative Binomial Random Variable 
3.3 The Hyper geometric Random Variable 
3.4 The Poisson Random Variable 

4.0 Conclusion 
5.0 Summary 
6.0 Tutor-Marked Assignment 
7.0 Reference/Further Reading 
 
1.0 INTRODUCTION 
 
AdiscreterandomvariableXiscalledageometricrandom variableif itsprobability 
densityfunctionisgivenby 
 

(1–p)x-1
p  

x=,1,2,3… 

 
F(x) =p(X=x)=    0        otherwise 0<p<1       (3.3) 
 
WhereXisthenumberofindependentBernouillitrialstakenforthefirstsuccessto occur. 
 
2.0 OBJECTIVES 
 
At the end of this unit, you should be able to: 
 
 calculate the success or failure using binomial expansion 
 describe the use of geometric random variable for probability problems 
 use binomial distribution for calculation 
 distinguishbetween Pascal distribution and geometric  distribution. 
 
3.0 MAIN CONTENT 
 
3.1 GeometricRandomVariable 
 
Consider a Bernoulli trail with  probability p  of a success on  one trail. The trailis 
continueduntilasuccessoccurs.LetXdenotenumberoftrailsbeforethefirstsuccess. 
Forexample,astudentdecidestocontinuetakingJAMBexaminationuntilhepasses.X inthis 
casedenotenumberof timeshetakestheexaminationbeforethefirstsuccess. 
 

Theprobabilitythatthefirstx–1trailsarefailuresandthexthtrailisasuccessisgiven 
 

by(1–p)x=1p.  
 
Toseethis,therequiredprobabilityis 
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P(FFF…FS)=P(F)P(F)…P(F)P
 
Theprobabilitythatxtrailsarenee

thatthefirstx–1trailsarefailures

WhereXisthenumberoftrialsbe
failuresprecedingthefirstsuccess,we
 

 
Definition3.6 
 

(thesuccessfultrialisincludedint
densityfunction,allthatneeded 
 

(1-p)x=1=1= P[1+ (1-p) + (1-p
 
Fromgeometricseries, 
 

 

Example3.11 
 
Afairistosseduntilaheadappears(
needed?(b)Whatistheprobabili
 
Solution 
 
LetXdenotethenumberoftosses
 

. 
 
 

P(X= 3) =(1–p)3-1 
 

P(atmostthreetossesareneeded)=
 
=P(X =1) +P(X =2)+ P(X =3) 
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P(S)=(1–p)(1–p)(1–p)…(1–p)P=(1–p)x-1p. 

eededforthefirstsuccessisthesameastheprobab

sandthexthisasuccess.Thus, 

 
beforethefirstsuccessandifwedefineYasthenum

ss,wehave 

 

nthecount).Toseethat(f(x)isaprobability 
 tobecheckedisthat 

p)2+…] 

 

rs(a)Whatistheprobabilitythatthreetossesare 
ility thatatmostthreetossesareneeded? 

suntilasuccess(ahead)occurs.Sincethecoinisfa

)=P(X ≤3) 

 

 

bility 

mber of 

sfair, 
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A fairdieisrolleduntilasixappea
 
Whatistheprobabilitythat(i) atmo
 
Solution 
 
(i)      P(atmost4rollsareneeded
 
=P(X =1) +P(X =2)+ P(X =3) +
 

X isageometricrandomvariablewithP= 
  6 
 

 

�(� = 1) =  

 

 
 
 
 
Thus 
 

�(� 

 

1

6
�

�

��

 
(ii)     P(atleast3rollsareneeded)= 

 

�(� ≥ 3) =  � �(

� �

 

�(� ≥ 3) =  1
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ars. 

most4rollsareneeded.(ii)atleast3rolls areneed

d)=P(X ≤4) 

) +P(X=4) 

lewithP= 
1 

�(� = �) =  ��
5

6
��

�� 1

6
 

)  
1

6
,�(� = 2) =  

5

6
,
1

6
,�(� 3) ��

5

6
��

�

.
1

6
 

�(� = 4) =  �
5

6
�

�

.
1

6
 

(  ≤ 4) =  
1

6

5

6
.
1

6
�

5

6
�

�

.
1

6
�

5

6
�

�

.
1

6
 

� �
5

6
�

� � 1

6
.
1 (5/6)�

1  5/6
 1 (5/6)�

�

�

 

)= P(X≥3) =P(X= 3) +P(X =4) +… 

(�) � �
5

6
�

� � 1

6
� �

1

6
� �

5

6
�

� � 1

6
 .

1 (5/6)�

1    5/6
�

5

6
�

�

� �

25

36

−  {�(� = 1) +  �(� = 2)} = 1 −  
11

36

25

36
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ded? 

� �
25

36
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Example3.13 
 
The probability that a certain t
probabilitythatnotmorethan4ne
 
Solution 
 

LetXdenotethenumber of nega
 

P(X= x) =(0.4)x(0.6);x=0,1,2,…
 
Thus, 
 

 
Thegeometricrandomvariableh
followingtheorem. 
 
Theorem:3.2 
SupposethatXisageometricrando
andt, 
 
P(X> s +t|X>s)= P(X >t). 
 
 
Proof: 
 

P(X> s +t|X>s) = P(Xs   tandX   

P(X
 

P(X= x) =p(1- p)x-1,x= 1,2,3,…
 

�(� > � + �)

 

�(� > �

 
Thus, 

�(� >
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in test yields a “positive” reaction is 0.6
egativereactionsoccurbeforethefirst positiveo

ativereactionsbeforethefirstpositiveone, then

… 

 

hasaninterestingpropertywhichissummarizedin

andomvariable.Thenforanygiventwopositivein

Xs   tandX   s) P(X    s  t 

Xs)  (X    s) 

,… 

) = � � (1 �)� �

� � � �

    � 
(1  �)�  �

1 (1  �)
(1  �)�  � 

+ �) = � �(1 �)� �

�  �

�(1  �)�

1 (1  �)
(1  �)�  

( � + �| � > �) =      
(1  �)� �

(1  �)�
(1  �)�  

6. what isthe 
one? 

n 

dinthe 

ntegers s 
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�(� >

Hence, 
 
P(X> s +t|X>s) =P(X >t). 
 
Theabovetheoremstatesthatifas
Bernoulitrails,thentheprobabilit
thesameastheprobabilitythatit w
trails.Thereforethedistribution
 

SELF-ASSESSMENT EXERC
 
1.  Onacertainroadtheproba

thanone  accident can o
fromdayto dayon thisr
theyearoccurs in themo

2. Afairdieisrolleduntilasix
throwthediemorethanth

3.  Let X be a geometric random variable 
followingprobabilities. (i) P(3 < x 

4.  Prove that

5.   Suppose a Bernoulli tr
successoccurs.LetXbeth
successes.Showthat 

 

 
3.2PascalorNegativeBinom
 
Aprobabilitydistributionclosel
negativebinomialdistribution. 
Supposethatindependentrepetit
exactlyr times. 

X=xifandonly ifsuccessoccurs
 
inthepreviousx-1trails.Theprob
Theprobability of r–1successe
X=1

Cr–1p
r-1

(1– p)
x=1–(r–1)=x-1

Cr–
 
Therefore,theprobabilityof this
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( �) = � �(1  �)� �

�  �

�(1  �)�

�
(1  �)�  

tifasuccesshasnotoccurredduringthefirsts r
itythatitwillnotoccurduringthenexttrepetition

tit willnotoccurduringthefirsttrepetitionsof 
issaidtohave“nomemory”. 

RCISE3 

babilityofanaccidentonany dayis0.05(assumi
occur on any day).  Assuming independence 

sroad,  what isthe probability that the firs
onthof March. 

tilasixappears.Calculatetheprobabilitythathehasto 
hreetimesbeforehegetsasix. 

Let X be a geometric random variable with p = 0.2. Calculate the 
followingprobabilities. (i) P(3 < x ≤6) (ii) P(2≤X≤4) (iii) P(X ≤2). 

 

rail with  probability p  ofsuccess is contin
henumberofindependenttrailsneededinorderto

 

mialRandomvariable 

lyrelatedtothegeometricdistributionisthePasc
 

titionofBernoullitrailneededtohave“success”o

sonthexthtrailandsuccessoccursexactly(r– 1)t

babilityof this eventisdetermin
esinx–1trailsisgivenbythebinomialformula 

–1p
r–1

(1–p)
x–r

 

iseventis 

89 

efirsts repetitionsof 
nsis 

f Bernoulli 

ingnot more 
e of accidents 
rst accidentof 

o 

with p = 0.2. Calculate the 

nued until rth 
rtohave r 

calor 

occurs 

times 

nedasfollows: 
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P.x-1Cr-1pr-1(11–p)x-r+ 

 
hence, 
 

f(x) =P(X=x)= x-1Cr-1pr(1–p)

Similarly,ifweletY be thenumbe

P(Y=y) =p. (y+r-1Cypr-1(1– p

FY(y)=y+r-1Cyr (1–p)y,y=0,1,2

 
Definition3.7 
 
A randomvariablehavingitsp
gaveaNegativeBinomialor Pas
 
 
 
 
Example3.14 
 
Show that 

�
�

 
Solution 
 
ByBinomialtheorem, 
 

 

Example3.15 
 
A fairdieisrolleduntiltwosixeso
 
(i)      exactly5tossesareneeded
 
(ii)     atmost5tossesareneeded
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)x-r,x=r,r+1,…                      (3.4) 

berof failuresbeforetherthsuccesswehave 

p)y 

2,… 

probabilitydensityfunctiongivenby(3.4)or(3.
scaldistribution. 

∞

= �

���

������(1 − �)��� = 1. 

occurs,findtheprobabilitythat 

d 

d. 

3.5) issaidto 
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Solution 
 
LetXbethenumberoftossesneed

f(x) =x-1C1p2(1-p)x-2,x=2,3,.

Wherep=½,r =1. 
 

 
 
 
(i)       
 
(ii)      
 
 
3.3TheHypergeometricRan
 
Supposethatwehaveaboxconta

defective.Supposethatwechoose
denotethenumberofdefectiveit

                                             

 
ThereaderwillnoticethatX=xifa

nthebox(n1Cx ways of doingth
 
Anyrandomvariablehavingitsp
ometricrandomvariableandissa
 

3.4     ThePoissonRandomV
 
Definition:RareEvent 
An eventissaidtobe ra
ConsidernrepeatedBernoullitra
rof successesin ntrials.Then 

P(X= x) =nCxpx(1– p)n-x. 

Settingλ=np,wehave 

�(� − �) = �� �
�

�
�

�
�

=  
�

�
 

Now asn         ∞. 
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dedtogettwosixes.XisaPascalrandomvariable 

.. 

 

ndomVariable 

ainingnitemsofwhichn1  aredefectiveandn–n

seatrandomkitemsfrom theboxwithout replac
temsin thekitemsselected.Then 

                                             (3.4) 

tX=xifandonlyifweobtainxdefectiveitemsfromn1def

his). 

probabilitydensityfunctionasgivenby(3.5)isca
aidtohavehypergeometricdistribution. 

Variable 

areiftheprobabilitypofobservingtheeventisver
ails,wherenisverylargeandPverysmall,letXbe

� � �1 −  
�

�
�

���

– 
�(� − 1) … (� − � + 1)

�1
 . �

�

�
�

�

�1 − 
�

�
�

���

   

�

�
 .

� − 1

�
… 

� − � + 1

�

��

�
�1 −  

�

�
�

���

 

1.      �1 −  
�

�
�

�

  ⟶ �−2 
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le withpdf:                 

n1  are non-

cement.LetX 

fectiveitemsi

alledhyperge

ry small. 
ebethenumbe
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 (3.5)givesanapproximationtot
pissmall,wheree= 2.71828isthe
 
Definition: 
A random  variable X is call
functionisgivenby 
 

 

                          (λ>0)                                            (
0  otherwise 

Xrepresentsthetotalnumber o
f(x)correspondstotheprobabilit
examples,thenumberof 
interval,thenumber of vehicle
Inordertomotivateourdiscussion
 
Example3.16 
Supposeararediseaseoccursin2
10,000peoplearechosenatrando
Calculatetheprobabilitythatatle
 
Solution 
Theprobabilitypofhavingthedis
ngthedisease.Xisabinomialran
andp=0.02.weshallapplytheres
 
Hence, 
 

 

Example3.17 
 
On a given   road, an ave
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2.      �1 −  
�

�
�

−�

  ⟶ 1 

3.      
� − � + 1

�
  ⟶ 1 

ntothebinomialdistributionwithλ=np,whennislar
ebaseof naturallogarithms. 

lled a Poisson random variable if its probab

)                                            (3.8) 

of eventswhichhaveoccurreduptotimet.Wh
ity density functionofnumberofeventsinaunit

f callsthatcomeintoatelephoneexchangein a
espassingthrough a designatedpointina unitt
on,letus considerthefollowingexamples. 

rsin2percentofalargepopulation.Arandomsampleo
omfrom thispopulationandtestedfo
easttwopeoplehavetheratedisease. 

iseaseis0.02andn=10,000.LetXbethenumbero
ndomvariablewithparametersn=10,000 
sult(3.5) sincenislargeandpvery small. 

 

verage of five accidents occur every mont

rgeand 

ability density 

hen t=1then 
itinterval. For 

ein aunittime 
ittimeinterval. 

of 
dforthedisease. 

ofpeoplehavi

th. Calculate 
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theprobabilitythatoverayearper
 
Solution 

=e-60(1+60+1800)=1861e-60.
Tables for  the Poisson distri
theAppendix. 
 
SELF-ASSESSMENT EXERC
 
1.   If 3% of the items 

theprobabilitythatinasim
(ii)atleast2itemswillbede

2.    UsethePoissonapproxim
areobtainedwhensixdice

3.    
 Thetelephoneswi
perminutes.Calculatethe
be(i) noincomingcalls  (
calls. 

4.       LetPrbethenegativebinomi

 
5.       Provethat                                                    Hi

6.       Afairdieistoss
fiveappears.Whatisthep
(i)      exactly10failurep
(ii)     exactly10failures
(iii)    exactly8failurean

 
7.       if(i) show that(x+1)

(ii)f(x)=nCcpx(1–p),show t

In eachcase, show 
decreasesmonotonically

8.       Suppose that thenumber 
Poisson randomvariablewith
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riodtherewillbe(i) noaccident(ii)atmost2acci

 

. 
ribution are available and brief tabulation 

RCISES3.4 

s manufactured in a factory are defectiv
mpleof100items. (i)2itemswill
defective.UsePoissonapproximationto theBin
mationtocalculatetheprobabilitythatatleasttwos
earerolledonce. 

witchboardofaUniversityhasanaverageoftwoinco
eprobabilitythat,overathree-minuteinterval,the

s  (ii)exactlyoneincomingcall. (iii)atmosttwo

ialpdfwithparametersr andP.provethat  

wherePr(k)=P(X=k). 

t                                                    Hint:Useintegrationbypart

ssed20times.Letasuccessontheithtosscorrespon
probabilitythat 
priortothefirstsuccess? 
s priortothefifthsuccess? 
nd3successesforthefirstII throws. 

)f(x+1)=λf(x). 

w that (1–p)(x+1)f(x+1) =p(n–x)f(x). 

w that f(x) increases   monotonically 
yasxincreases.Findxthatmaximizesf(x). 
r of  accidents occurring on ahighway each d
ewithparameter 
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idents. 

on is  given in 

ve. Compute 
swillbedefective 

nomial. 
sttwosixes 

ncomingcalls
herewill 

sttwoincoming 

ts. 

pondstoatleasta 

y and then 

day  isa 
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(a)     Whatistheprobabil
(b)     whatisthep

atleastoneacciden

9.  Ifn≥8andinsbinomialdistr
equaltotheprobabilityof8
giventrail. 

10. LetXbearandom variab

MX(t)forallt.FindR”(0).

11. Ifafairdieisrolledrepeate
onanodd-numberedroll.

 

 

4.0 CONCLUSION 
 
Different ways of calculating probability  of different distribution using various 
random variables especially Pascal random variable, Poisson random variable.
 

5.0 SUMMARY 
 
It will be noticed that any random variable having its probability density function as 
Fy(y) = y+r-1Cy

r(1-p)y, y=0,1,2,… Other topics covered here include Pascal or negative 
binomial random variable, geometric random variable.
 

6.0 TUTOR-MARKED ASSIGNMENT
 

1.DescribethePoissondistributi
thatthevarianceof thedis

2. Show thatf(x)=x-1Cn-1

Note  P-n=(1–(1-p))-n=

3. Showthatf(x)=                 x=  
generatingfunctionofX.

 
4. Solvetheproblemof exe
 
5.        Let  Xbea 

thefollowingprobabiliti
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ilitythatatleasttwoaccidentsoccurinaday? 
probabilitythatatleastthreeaccidentsoccurinad

entoccursinaday? 

istributiontheprobabilityof7successesinntrails
f8successesinn trail,findtheprobabilityofsuc

blewithmoment generatingfunctionMX(t).If R(t)= I

). 

edly,findtheprobabilitythatthefirst“six”willapp
. 

 

Different ways of calculating probability  of different distribution using various 
random variables especially Pascal random variable, Poisson random variable.

It will be noticed that any random variable having its probability density function as 
, y=0,1,2,… Other topics covered here include Pascal or negative 

binomial random variable, geometric random variable. 

MARKED ASSIGNMENT 

ion,statingclearlythemeaningsofthesymbolsu
stributionis equaltoitsmean. 

1Pn(1-p)x-n,x,x=n,n+1,…isapdf. 

=  

)=                 x=  1,2,…,0<p<1is  apdf.Findth
fX. 

ercise3.2,No7. 

ea geometric randomvariable withp=  0
ties.(i)P(3<x≤6) (ii)P(2≤X≤4) (iii)P(X≤2). 

daygiventhat 

lsis 
uccesson any 

).If R(t)= In’’ 

ppear 

Different ways of calculating probability  of different distribution using various 
random variables especially Pascal random variable, Poisson random variable. 

It will be noticed that any random variable having its probability density function as 
, y=0,1,2,… Other topics covered here include Pascal or negative 

used. Show 

heprobability 

0.2.Calculate 
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UNIT  5 EXPECTATION OF DISCRETE RANDOM VARIABLE 
 
CONTENT 
 
1.0 Introduction 
2.0 Objectives 
3.0 Main Content 
 3.1 Expectation of discrete random variable 
 3.2 Expectation of a Binomial random variable 
 3.3 Properties of Expectation 
 3.4 Properties of variance 
 3.5 The variance of a geometric random variable 
 3.6 The variance of a Poisson random variable 
 3.7 Probability generating function 
4.0 Conclusion 
5.0 Summary 
6.0 Tutor-Marked Assignment 
7.0 References/Further Reading 
 
1.0 INTRODUCTION 
 
Inthisunit,we introducetheconceptofthe meanvalueofarandom variable.Itis 
closelyrelatedto thenotionofweightedaverage.Themomentandprobabilitygenerating 
functionsof arandomvariablearealsointroduced. 
 

2.0 OBJECTIVES 
 
At the end of this unit, you should be able to: 
 
 State the mean value of a random variable 
 Calculate the mathematical expectation of any variable 
 State properties of expectation and variance 
 State the probability generating function of random variables(non-negative) 
 

3.0 MAIN CONTENT 
 
3.1 ExpectationOfDiscreteRandomVariable 
 
LetXbearandomvariablehavingpossiblevaluesx1,x2,…,xn,andlettheexperiment 

onXbeperformedntimes.ForexampleletXbetheoutcomeofrollingadie.Thereare 
sixpossiblevaluesx1 =1,x2 =2,x3 =3,x4 =4.x5=5andx6 =6.Supposethedieis 

rolledntimes.Thesuccessiverollsconstituteindependentrepetitionsof thesame 
experiment.LetX1,X2,.…,Xndenotetheoutcomesoftheexperimentofrollingadientimes(t

hatisXidenotetheoutcomeoftheithtoss). Then 
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Valueof X,x 

 
Probability 

 

 �� =  
��� ���⋯���

�
 

 
Istheaverageofthenumbersthat

Thenwehave 
 

 
 
We know that  

iscalledthe expectationofther
variableX isthelong-runtheoret
 

Definition1 
MathematicalExpectation.LetX
asfollows: 
 
 
 
 
 

Themathematicalexpectationo
E(X)= x1f(x2)+ x2f(x2)+…+x

E(X)=  
E(X)isweightedaverageofposs

probabilityf(xi).  

E(X)is alsocalledthemeanofX 
 
Wemay expresstheresultof(1) 
 
Tocomputetheexpectedvalueor
thevariablebyitsprobabilityand
 
Examples 
 
1.

 Afaircoinistosse
themathematicalexpecta

 
Solution 
 
Theprobability densityfunction
 

X 0 1

  MODULE 2

 

 

 
x1 

 
x2 

 
x3 

 
…. 

 
f(x1) 

 
f(x2) 

 
f(x3) 

 

tappeared.Letfi  denotethenumberoftimes

erandom variableX. thus theexpectedvalu
ticalaveragevalueof X. 

tXbearandomvariablewithprobabilitydensityf

ofX,denotedbyE(X),isdefinedto be 
xkf(xk)  

siblevaluesofx,theweightattachedtothevaluex

fX or thepopulationmean. 

 inwords. 

rmeanofarandomvariable,multiplyeachpossi
dadd theseproducts. 

edthreetimes.LetXdenotethenumberofheadsob
ationof X. 

nofX is asfollows. 

1 2 3 

97 

 
xk 

 
f(xk) 

sxi  occur. 

 

ueofarandom 

yfunction 

xiisits 

ible valueof 

btained.Find
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f(x)  
  

 

Hence, 
E(X)= (1×1/8)+(1×3/8)+(2×3/
=0+ 3/8 +6/8 +3/8 =12/8=1.5 
 
2.Whatatethemathematicalexp

example3.1.1 of chapte
 
Solution 
 
Theprobability densityfunction
 
X 

 
2 

 
3 

 
4 

 
5 

 
f(x) 

 
1/36 

 
2/36 

 
3/36 

 
4/

 

E(X)= (2×1/36)+(3×2/
6/36)+(8×5/36)+(9×4/36)+(10×
 
Thep.d.fofY is 
Y 1 2 

g(y) 1/36 3/36 

 

E(Y)= (1×1/36)+(2×3/36)+(3×
 
Thep.d.fofZis 
Z 1 2 

h(Z) 11/36 9/36 

 

E(Z)=(1×11/36)+(2×9/36)+(3× 
 
 
SELF-ASSESSMENT EXER
 
1.      Supposeaboxcontains10

size3isselected.LetX den
(i)      Samplingiswithre
(ii)     Samplingiswithou

2.     A boxcontains6ballslab
other.LetXdenotethelar
(i)  Samplingis with r

  PROBABILITYDISTRIBUTIONI
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/8)+(3×1/8) 
 

pectationsofthevariablesX,YandZasdefinedin 
er3. 

nofX is 

 
 
6 

 
7 

 
8 

 
9 

 
10 

 
11

/36 
 
5/36 

 
6/36 

 
5/36 

 
4/36 

 
3/36 

 
2/

/36)+(4× 3/36)+ (5×4/36)+(
0×3/36)+(11×2/36)+(12×1/36)=7.0 

3 4 5 

 5/36 7/36 9/36 

)+(3×5/36)+(4× 7/36)+ (5×9/36)+(6×11/36)=4.47

3 4 5 

 7/36 5/36 3/36 

)+(3× 7/36)+(4×5/36)+(5×3/36)+(6× 1/36)=2.53

RCISES1 

0ballsofwhich4areredand6areblack.Arandom s
enotethenumberof redballsselected.Find (E(X)
eplacement. 

houtreplacement. 
beled1,2,3,4,5,6. Twoballsaredrawnatrandom 
rgerofthetwonumbersontheballsselected. Com

gis with replacement,   

n 

1 
 
12 

/36 
 
1/36 

(6×5/36)+(7× 

6 

11/36 

7 

6 

1/36 

3. 

m sampleof 
d (E(X)if 

m one afterthe 
mputeE(X)if  
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(ii) Samplingis with
3.      Aboxcontains3ballsand2w

theotheruntilawhiteballis
 
3.3 ExpectationofaBinom
 

Theprobability densityfunctio

p)n-x;x= 0,1,2, …,n. 
themeanorexpectedvalueofX is

E(X)=  
 
andsincetheterm of x=0iszero, E(X)

 

 

Using thebinomialtheorem,we

 

�
(� − 1)

(� − 1)! (� − �)!
�

�

���

 
sincep+1–p=1.Hence, 
E(X)= np. 
 
Example 3.3 
A fairdieisrolled12times,whati
 
Solution 
LetXbethenumberofsixesthatapp
1/6(probabilityofasix).Hence 
E(X)= np=12x 1/6=2. 
Thatis,weexpectedtoget2sixesw
 
Definition2 
LetXbeadiscreterandomvariab

 
thenwesaythatXhasfinitee

nothavefiniteexpectation. 
 
Examples 
 

3.4TheRandomVariablesX 
 
 
X 

 
-2 

 
-

  MODULE 2

 

   
 

 

hout replacement. 
d2whiteballs.Aballiswithoutreplacementonea
llis drawn.FindtheExpectednumber ofdrawsre

omialRandomVariable 

onofabinomialvariableX is defined by f(x) =

s 

, E(X)= 

,wehave 

)
���� (1 − �)��� = � ���������

���

���

 (1 − �

istheexpectednumberof sixappear? 

appear.Xisabinomialrandomvariablewithn=12 
 

swhenadieisrolled 12times. 

ablehavingprobabilitydensityfunctionf(x). 

expectationotherwisewesaythatXdoes 

sX hasProbability 

-1 
 
0 

 
3 

 
5

99 

 

after 
equired. 

) =nCxpx(1– 

�)��� 

2 andP= 

5 
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f(x) 

 
¼ 

 
1

 

Computetheexpectedvalueof th

(i)      X,                 (ii)3X,         (ii

 

Solution 

(iii)    Thepossiblevaluesof3x a
Theprobability densityfunction
 
3x -6 -3

f(x) ¼ 1

 

E(3X)=(-6× ¼) +(-3×1/8)+(0×
=-6/4– 3/8+ 9/4+15/4= 33/8 
 
Notethat 
 
P(3X =-6)= P(X =-2_, 
 
Andso onand 
 
E(3X)=33/8=3×11/8=3E(X) 
 
(iii) 
x+5 3 4

f(x) ¼ 1

NotethatP(X +5)=3=P(X= 3–5
E(X+ 5) =(3× ¼) +(4×1/8)+ (5×

=¾ + 4/8+5/8+8/4+10/4+51/8=6  = 5+1 =5+
 
(iv) 

 

X2 4 1

f(x) ¼ 1

 

E(X2)=(4× ¼) +(1×1/8)+(0×1

  PROBABILITYDISTRIBUTIONI
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1/8 
 
1/8 

 
¼ 

 
¼

hefollowingrandom variables.  

X,         (iii)X +5,               (iv)X2 

 
are-6,-3,0,9,15. 
nof3xis 

3 0 9 15

1/8 1/8 ¼ ¼

)+(0×1/8)+(9×1/4) + (5×¼) 

4 5 8 10

1/8 1/8 ¼ ¼

5)= P(X =-2) 
5×1/8)+(8× ¼)+ (10×1/4) 

8=6  = 5+1 =5+E(X). 

1 0 9 25

1/8 1/8 ¼ ¼

1/8)+(9× ¼) +(25×¼) 

¼ 

5 

¼ 

0 

¼ 

5 

¼ 
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=1+ 1/8+9/4+25/4= 77/8= 9 
 

NotethatE(X2)≠[E(X)]2. 
 
Definition3 
LetXbearandomvariablewhose
X x1 

f(x) f(x1) 

 

Letψ(X)beafunctionofX.thenth
 
E[ψ(X)]= ψ(x1)f(x1)+ ψ(x2)f(

 
Thatis 
 
E[ψ(X)]= ψ(xi)f(xi) 

 

Theorem1 
LetXbearandomvariableandlet
 

E(ψ(X))= aE(X)+b 
 
Proof: 
Suppose theprobabilitydensity
{xi,f(Xi), I= 1,2, …,k) 

 
 
Fromthe abovedefinitionweha
E(aX+b)= (ax1+b) f(x1)+ (ax2
=a[x1f(x1) + x2f(x2)+…xkf(x

f(xk)]=  

since{E(X)=
 
PropertiesofExcitations 
1.       If c isaconstantand P(X =
2.       If a and b are const

expectationand 
(i)  E(aX)=aE(X)+b
(ii) E(aX+b) =aE(X)+

3.       If XandY aretwo random
(i)      X +Y hasrandom
(ii)     E(X)≥E(Y)if P(X 

  MODULE 2

 

 

 

 

seprobabilitydensityfunctionisgivenby 
x2 …………. xk 

f(x2)  f(xk)

hemeanorexpectedvalueofthe newrandomψ(X)

)f(x2) +…+ψ(xk)f(xk) 

tψ(X)= aX+bwherea,b areconstants,then 

yfunctionof Xis 

ave 

2+ b) f(x2)+… +(axk+ b) f(xk)+bf(x1) +…+

xk)]+b[f(x1)+ f(x2)+…+ 

 

X =c)= 1, thenE(X)=c. 
stants and X has a finite expectation, then 

b. 
E(X)+b. 

mvariableshavingfiniteexpectations,then 
mfiniteexpectationandE(X+ Y)= E(X)+ E(Y) 
X ≥Y)= 1. 

101 

) 

(X)is givenby 

…+bf(xk) 

n aXhas finite 

(Y)  
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(iii)    DEXD≤EDXD. 
4.       Aboundedrandomvariab
 X hasafiniteexpectation

Definition4 

Variable.LetX bea 
X,denotedbyVar(X)isdefined b

Ver(X) =E{X- µ)2}= -
 
A generalformulathatis usuallys

Var(X)=E{(X- µ)2}=E{X2–2Xµ+

=E(X2)–E(2µX) +E(µ2)=E(X2

=E(X2)-2µ2+ µ2=E(X2)- µ2.  
 
Thus,thecomputing definitiono
 

Var(X)=E(X2)–[E(X)]2(7) 
 
ThevarianceofXisinterpretedasa
 
 
Example 3.5 
 
1.       

Findthevarianceofarand
n. 

 
X 1 2 

f(x) 1/6 1/6 

 
E(X)= (1×1/6)+(2×1/6)+(3×1/6
=1/6+2/6+3/6+4/6+ 5/6+6/6=2
 

E(X
2
)= (1

2
×1/6)+(2

2
×1/6)+(3

2
× 1/

=1/6+4/6+ 9/16+16/6+25/6+36/6= 
 
Hencefrom (7)wehave 

Var(X)=91/6–(21/6)2= 105/36= 2(
 
Example 3.6 
 

  PROBABILITYDISTRIBUTIONI
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blehasafiniteexpectation.ThatisifP(X≤M)=1,t
nandDEXD≤M.

 

 randomvariablewithmeanE(X)=µ. T
by 

 

ysimplefor computingthevariableisgivenbelo

2Xµ+µ2} 
2)-2µE(X)+µ2(property2) 

 

ofvarianceis 

sanumericalmeasureofspreadordispersionabo

domvariablehavingthefollowingprobabilityde

3 4 5 

1/6 1/6 1/6 

6)+(4×1/6)+ (5×1/6)+(6×1/6). 
21/6 

/6)+(4
2
× 1/6)+(5

2
× 1/6)+(6

2
×1/6) 

/6= 91/6.  

6= 2(11/12). 

then 

. Thevarianceof 

ow 

outits mean. 

ensityfunctio

6 

1/6 
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FindthevarianceofaBernoullira
thefollowingp.d.f. 
 
X 

f(x) 

 

E(X)–0×(1-p) +(1×P) =p 

E(X2)= 02×(1-p) +(12× p) =p.
 
Hence, 
 

Var(X)=p-p2= p(1–p) 
 

PropertiesofVariance 
 
1.       If c isaconstantandP(X) =
2.       If aandbarecontents,then

(i)      Var(aX)= a2Var(

(ii)     Var(aX+ b)=a2V
(iii)    Var(X)≥0 

 
Theproofofproperty(1)isverytr
giveaproof of (ii).From(7), 

Var(aX)= E[aX2]–[E(aX)]2= E

=a2E(X2)–a2[E(X)]2= a2{(E(X
 
Definition5 
 
Standarddeviation.LetX bearan
 
Thestandard deviationisthepos
 

= 
 
Thevarianceof thebinomialran
 

TocalculatethevariableofX,we
 

Var(X)=(E(X))2. 
 
From(3)wehave 

  MODULE 2

 

 

andomvariablewithparameterp.thatisXhas 

0 1 

1–p P 

. 

X) =c)=1, thenVar(X) =0. 
n 

r(X) 

Var(X)  

ytrivialandthisisleftasanexercisetothereader, wes

= Ea2X2–[aE(X)]2 

(E(X2)]2}=a2Var(X). 

ndomvariablewithmeanµ. 

sitivesquarerootofthevariance,andisgivenby 

ndom variable. 

fX,weneedE(X)andE(X2). 

103 

r, weshallnow 
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E(X)=np. 
 

E[X(X– 1)] =                    

(w2henx=1 or 1the expression

=                           px(1–p)n-x 
 

=n(n-1) p2                         px-2

Lety=x–2=n(n–1)p2 –

 

Hence  

E(X(X– 1)=n(n–1)p2 

E(X(X– 1))=E(X2)–E(X)= n(n

E(X2)= n(n–1)p2+E(X)=n(n– 

  PROBABILITYDISTRIBUTIONI

 

104 

  
 

n(xpx(1–p)n-x=                                   

niszero) 

 

2(1– p)n-x 

–(ypy(1– p)n-2-y =n(n–1)p2[ P+ (1– p)]n-1 

(n–1)p2 

 1) p2+np. 

=                                   px(1– p)n–x 
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Thus, 
 

Var(X)=N(n– 1) p2+np–n2p2=

 

3.5 TheVarianceofa Geo
 
Theprobability densityfunction

f(x) =p(1–p)x-1,x=1,2,… 

E(X)=  

E(X)= P+2p(1- p)+3p(1
FromtheBinomialtheorem 

(1– a)-2=1+ 2a+3a2+…DaD<D

Puttinga=(1– p),weobtain1 

E(X)= P.(1–(1–p))-2=  
 
E[X(X – 1)] =

=p[2.1(1-p)+3.2(1–p)2+…+r(r

(1–p) E[X(X-1)]=p(2.1(1–p)2+(
 

E(X(X-1)] –(1-p)E[X(X-1)] =
 

=2p(1–p)[+ 2(1-p) +3(1– p)2+…
 
Hence 
 

E[X(X)]–(1-p) E[X(X– 1)]=  
 

E[X(X–1)]{1–(1-p)} = 
 
whichimpliesthat 
 
E[X(X– 1)] = 
  

E(X2)= +E(X) =  

 
 
Thus 
 
Var(X)= 
 

  MODULE 2
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=n2p2–np2+ np–n2p2=np(1– p). 

ometricRandomVariable 

nofX isgivenby 

(1– p)2+… =P{1+ 2(1+ p) +3

D. 

 

+r(r-1)(1– p)r-1+…]. Multiplyboth sidesby 1-p,

+(3.2(1–p)3+…+r(r-1)(1-p)r+…+] 

p[2(1-p)+ 4(1-p)2+6(1– p)3+…+2r(1–p)r+…

+…]=2p(1-p).  

 

 

3(1-p)2+…}. 

, 

…] 
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3.6 TheVarianceofaPoiss
 
LetXbeapoissonrandomvariab
 

 
Thisshows that themeanandva
 
SELF-ASSESSMENT EXERC
 
i.       Computethevarianc

exercises4.1.1 
ii.       A faircoin is tossed twic

Compute 
 (i)      theexpectedvalue
(ii)     thevarianceof X 

(iii)    theexpectedvalue

iii.       Calc
variablehavingthefollow

X -2 1

f(x) 3/10 1

iv.       LetXbea
Wherea,barecontants. 

v.       Letf(x) =       pDXD,x=±

Show thatf(x)isapdf.Fin
6.      LetXbeany random vari
DEXD≤EDXD.

 

  PROBABILITYDISTRIBUTIONI
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ssonRandomVariable 

blewithparamentλ. 

 

arianceof apassionrandomvariablearebothequ

RCISE2 

nceandstandarddeviationoftherandomvariableX

ce. Let Xdenote the number of heads that app

eofX  
 

eof 

culatethemean,varianceandstandarddeviation
wingprobability densityfunction. 
1 0 1 2 

1/5 1/10 1/5 1/

any random variance,show thatE(AX+B)=

±1,±2,…,0<p< 1
 

ndE(X). 
riablehavingfiniteexpectation.Provethat 

qual. 

leXdefinedin 

pear. 

noftherandom 

 

/5 

X+B)=aE(X)+B 
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7.   LetXbearandomvariables

X hasfiniteexpectationa

8.    Show that if X and Y 
finitevariances,thenVar

 
3.7ProbabilityGeneratingF
 
Inthissectionwe shallintro

Therthmomentofarandomvariab
arecalledtherthmomentofX abo

From(2) 
 

E(Xr) =
 
NotethatthesecondmomentofX
expectation is the use o
generatingfunction.itisamathema
X.itsmoregeneralusefulnesswi
 

Definition6 
 
Theprobabilitygeneratingfunct
 
is definedby 

E(Sx)=P(S) = (8) 
 

P(S) =E(Sx) 
 
 
By differentiatingwithrespecttoswe

P’(s) =E(XSX-1)  

P’’(s)= E[X(X–1)SX-2] 

P(r)(s) =E(X(X–1)(X – 2)…(X
 
Puttings=1 in theabovederivati
P’(1) =E(X) 
 

P’’(1) =E[X(X– 1)] =E(X2)–E

P(r)(1) =E[X(X–1)(X –2)…(X
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lesuchthatforsomeconstantK,P(DXD≤K).Pro

andDEXD≤k.
 

d Y are any two dependent random va

r(X+Y)≠Var(X)+Var(Y). 

Function 

oduceimportantmathematicalconceptsinprobab

ableXisdefinedbyE(Xr),whereE(Xr)andE(X-
out0andµrespectively. 

 

fXaboutµisthevarianceofX.anindirectway of 
of  probability generating function 
maticaldevicetosimplifythecalculationsofmo

sswillnotbeapparentuntilwegettochapter6. 

tionofanon-negative,integer-valuedrandomva

) From(6),weseethat 

ttoswehave 

(X–r+ 1)sX-1)  

ives,wehave 

E(X)  

X–+1r)]. 

ovethat
 

ariables with 

abilitytheory. 

-µ)r 

f calculating 
n or moment 

oments of 

variableX 
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ThusthemeanandvarianceofX ca
 
E(X)= P’(1)  

E(X2)–E(X)=P’’(!) 

E(X2)= P’’(1)+ E(X)= P’’(1)+ 
 
And 
 

Var(X)=E(X2)–[E(X)]2= P’’(1
 
Wenowillustratetheuseof these
 
Examples3.7 
 
LetXbeapoissonrandomvariab

f(x) =                  
 

Theprobability generatingfunc

P(S) =E(SX)= (xpX(1–

BytheBinomialtheorem 
 

=[sp+(1–p)]n 
 

Thus, 

 

P(S) =[sp+ (1– p)]n(12)  
Differentiating,wehave 

P’(s)=np[sp+(1–p)]n-1 

P’’(s)= n(n–1)p2[sp+1–p]n-2 
 

Var(X)=p’’(1) +-[p’(1) –[p’(1)]2

 
Thetablebelowsummarizessom
 
Random variable Probability density 

function 
Mea

Bernoulli 
P

x
(1-p)

1-x
 

P 
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canbeobtainedfromP(s) bythefollowingformu

)+ P’(1) 

1)+ P’(1)–[P’(1)]2 

seformulaswith thefollowingexamples. 

blewitparameterλ.FindthemeanvarianceofX 

ctionisdefinedby 

–p)n-x=  n(x(sp)x(1–p)n-x. 

 

2=n(n– 1)p2+np–(np)2=np(1– p).  

meof theresultsofthischapter 

ean Variance Probability 
generatingfunction 

Mo
fun

P(1-p) (sp+1– p) 
pe

∞<t

mulas. 

Moment generating 
nction 

e
t 

+(1-p)- 

<t<∞ 
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Binomial n
Cxp

x
(1-p)

n- 
x 

 
 
x=0,1,2, 
….n 

Np 

Geometric 
p(-p)

x-1
 

 
x=1,2,… 

 
 

 
 

 
Poisson  

 
 

Λ 

Uniform  
 

 

 
 
X= a, a + 
1,…b 

 
 

 
 
 

 

TheMomentGeneratingFunctio
 
Definition7 
 
Let  Xbeadiscrete randomva
denoted byMx(t)is definedby 

MX(t)= E(etX) 

 
Wheretisany realconstantfor whi
 

MX(t)= 

 

RtX=1+tX+        +…  

E(etX)=E(1+tX+        +…+ 
 
Underfairlygeneralconditionswe
 
thesumoftheexpectedvaluebutt
 
1+tE(X)+               +         +… T

 

MX(t)= 1+tE(X)+  

 

Differentiatingwithrespectto t, we

M’X(t) =E(X2)+…+ 
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 Np(1-p) 
[sp+(1-p)]

n
 [pe

 

 
 

P[1-s(1-p)]
-1

 
 

Λ 
e
λ(s-1) 

e
λ

 

 
 

 
 
 
 
 

 

 
 
 
 
 
 
 

 

on 

ariable with  pdff(x).themoment  generati
 

ichtheexpectationexists.               (13) 

sweshallassume thatexpectationofinfinitesume

thisistrueingeneralforfinitesum 

1+tE(X)+               +         +… Thatis 

, wehave 

e
t
+(1-p)]

n
 

λ
(e

t
–1) 

ting function 

equals 
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M’’x(0)=E(X2+) 

 
hence, 
 

Var(X)=Mx’’(0)–[MX’(0)2] 

 

 

thatis,E(Xr)istherthderivativeo

 

Note:Itis assumedthat∑ etXf(x
 

ThedomainofMx(t)isallrealnum

somet0>0,thenitis definedinthei

 
Examples4.9 
 
LetXbeabinomialrandom varia
 

MX(t)= E(etX)= nCxP

 
fromthebinomialtheorem 

(a+b)n=  nCxaxbn-x  =[p

 

onputtinga= pet,b=1- p. 
 
Example4.10 
 
LetXbeaPoisson randomvariab
 

MX(t)=  e-λeλet=eλ(e

 
Differentiating,wehave 
 

M’X(0)=λete-λ(1-et) 

M’x(0)=λete-λ(1-et)Dλ=0= λE
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ofMx(t)evaluatedatt=0.            (16) 

x)convergesfor allvaluesof t. 

umbertsuchthat∑etXf(x)converges.IfMx(t)isd

einterval0≤t≤t0. 

ablewithparametersn andp.then 

Px(1–p)n-x= nCx(Pet)x(1–p)n-x 

pet+ (1–p)]n, 

ablewithparameterλ.Then 

et-1) 

E(X)
 

defined for 
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Mx’’(t)=λete-λ(1-et) +λ2e2te-

 

Mx’’(0)=λ+λ2= E(X2) 

 
Hence, 

Var(x)=λ+λ2–λ2=λ. 

 

Example4.11 
 
LetXbeageometricrandomvari

 
Thefourthequalityfollowsfrom
applicationsof Mx(t) willbecon

 
SELF-ASSESSMENT EXERC
 
i.       Find theprobability 

parameterP.hence deter
ii.      LetXbeuniformlydistribu
 

Hint:  
iii.       LetXbearandom

Var(X)=E[X– a)2]–[E(X)+

iv.       A fairdieistossed50time

(i)E(X)        (ii)E(X2)      (iii)VA
v.       Findtheexpectedvaluean
vi.       Show thatifcisaconstant,V
vii.       LetXbeuniformlydistri
viii.       LetXbedefinedby 

FindP(S)andhencethemeanand

ix.       ProvethatifX hasvarian

everyre
 

4.0 CONCLUSION 
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-λ(1-et)
 

riablewith parameterp.them 

 

msuntoinfinityofgeometricseries 
nsideredlaterinChapter6. 

RCISE4.3 

y generating function of the geometric distr
rminethemeanandvarianceof thedistribution. 
utedon(0,1,2,…n).Findthemean and variance

mvariablewithfinitevariance.Provethatforanyr

[E(X)+a]2. 

es.LetXbethenumberoftimessixappears.Evalu

)VAR(X) 
ndvarianceof therandomvariableXosExample
t,Var(x+c)= Var(X). 

ributedon(0,1,2,..N).Find P(S),mean andvarian

 
dvarianceofX. 

nceσ2, andmeanµ,then
 

ealnumbera. 

Further 

ribution with 
 
eofX. 

realnumbera, 

uate 

le3.1.1. 

anceof X. 
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In this unit, emphasis have been laid on the processes of using discrete random 
variable, properties of variance and expectations and some
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In this unit, important mathematical concepts in probability theory were discussed. 
Also, the moment generating function were also generated.
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