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1.0 INTRODUCTION 
 
Themostimportanttheoreticalresultsinprobabilityarelimittheorems.Inthisunit weprove 
oftenuseful tools in probability,theChebychev’sinequality.Thisinequalityis then 
usedtodeducethelawof largenumbersfor independentand identicallydistributed 
randomvariables.Insection8.5thecentrallimittheoremwhichisafundamentalresultin 
thetheory andapplicationsf probabilitytheoryis given. 
 
2.0 OBJECTIVES 
 
At the end of this unit, you should be able to: 
 
 Prove the Chebychev’s inequality 
 Verify inequalities using Chebychev’s inequality 
 State the law of large numbers of Bernoulli Trails 
 Apply approximation theorem for solution of real functions 
 
3.0 MAIN CONTENT 
 
3.1     Chebychev’sInequality 
 
Chebychev;sinequalitygivesanupperboundintermsofvarianceofarandom variableXfor 
probabilitythatXdeviatesfrom itsmeanby more thankunits. 
 
Theorem 3.1:Chebychev’sInequality 
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LetXbearandomvariable(dis
foranypositivenumber kw
 

Or equivalently 

Proof: 

LetXbeanon-negativerandom
Defineanotherrandomvariab
 

 
 
ThisnewvariableYisadiscrete
functionofY canbewrittenth
 

y 

P(Y =y) 

 
Hence,  

E(Y)=OP(X<
 
Thatis 

E(Y)= kP(X ≥
 
SincethevariableX≥Y forall
E(X)≥E(Y)= kP(X≥k), 

 
Thus, 

 
Equation(2)isc
nyj≥0,k>0 
 

TheproofofCheb
uttingj=2 andW =X 
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screteorcontinuous)withmeanµandvarianc
wehave 

 

 

m variablesuchthatE(X)=µ<∞. 
bleY asfollows: 

tevariablehavingtwovalues0,k.Theprobabi
hus: 

0 k 

P(X <k) P(X >k) 

k) +kP(X >k)  

≥k). 

lpossiblevalues,wehave 

calledtheMarkovinequalityandcanbegener

 
hebychev’sinequalityisanimmediateconseq

dW =X -µ,weobtain 
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ceσ2.Then 

ilitydensity 

 

ralizedthus:Fora

 

quencesof(3)byp
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Example 3.1 
LetXbearandomvariablehav
andvarianceσ2.UseChebyche

 
Solution 
 

Using Chebychev’sinequali

 
3.2     TheLawofLargeNu
 
LetX1,X2,…,Xnbenindepen

andletX=X1+X2  +…+X

parametersn andp.Themean
 

Themeanµgrowsasnincrease

UsingChebychev’sinequalit
 

Theorem8.2 
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vingPoissondistributionwithmeanλ 

hev’sinequalitytoshowthat

 

litywithµ=λ,andσ2= λwehave
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ndentandidenticallydistributedBernoullira

…+XnbeBinomialrandomvariables(numbero

nandvariableofXarenp andnpqrespectively

esbutthestandarddeviationgrowsonlyas
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LetXbethenumberofsuccess
s.For anyε>0. 

 

Thismeansthatforlargenumb

willbeveryclosetoprobabilit

nindependentBernoullitrails
theoreticalprobabilityp of s
preciselyas thelawoflarge nu
 
TheLawofLargeNumbers 
 
3.3     TheWeakLawofLa
 
LetX1,X2,…,Xn beindepen

E(Xi
2)<∞ andletSn–X1+X2

 
Weknow that 
 
E(X1)= E(X2)= …E(Xn),E(

 

Thisshowstha

ofXiandthesta

 

 
 
Whichtendstozeroasntendst

andmoreconcentratednearE(X

Westatethemoregeneralresu
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ssesinnindependentBernoullitrailswithproba

 

berwecanbealmostcertainthat
itypofsuccess.Thisshowsthattherelativefreq

sconverges(inaprobabilisticsense)tothe 
f successateachtrail.Thisimportantresult

numbers. 

 

argeNumbers 

ndentandidenticallydistributionrandomvari

2+…+Xh.  

),E(Sn)= nE(X1)andVar(Sn)=nVarX1 

 

atexpectation of isequaltotheexpectation 

andarddeviationof is 

 

toinfinity.Thus,thedistributionofSn/nbecom

(X1). 

ultinthefollowingtheorem. 
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Theorem8.3:A (WLLN)W
Variables.LetX1,X2…Xn  

withfinitemeanµ andσ2.LetS

For atleastoneksatisfyingn≤k≤
 
Corollary1: 
Letf(x)beacontinuousrealfun

 
CorollaryII: WeierstressA
Letf(X)beacontinuousrealfu
 

 
ThenPn(p)->∞f(p)asn-

>∞andtheconvergenceisunif

 
Theorem8.5 
AWLLNfor independentbut
LetX1,X2,…Xnbeindepend

 
 
3.4TheCentralLimitThe
 
The central limit theorem is a f

probability.Thelawoflargenu
inaseriesofnindependenttrail
tainprobabilisticsense)topasni

distributionof 
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LN)WeakLawof LargeNumbersfor Inde

n  beindependentandidenticallydistributedr

Sn=X1–X2+… +Xn.thenforδ>0. 

≤k≤m}. 

nctionon[0,1].Thenasn->∞uniformlywithr

 

ssApproximationTheorem. 
unctionon[0,1]definedontherealinterval0≤p

 

forminp.Pn(x)iscalledtheBernsteinPolynom

tnotnecessarilyidenticalrandom variables.
ndentrandom variableswithall 

eorem 

m is a fundamental result in the theory an
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ilswithconstantprobabilitypofsuccessinonet
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asnbecomeslarge.Theanswe

hetheoremassertsthatunderq
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Theorem8.6:Centrallimitthe
 
LetX1,X2,…,Xn 
beasequenceofindependentr

1,2,…LetSn= X1+X2+…+X

 

 
Has approximatelythestanda
 
TheIdenticallyDistribution
 
Theorem8.7 
 
LetX1,X2,…,Xnbe indepen

 

 
tendto thestandardnormaldis
 
Whatisremarkableaboutthis
andvarianceand thereisno
discrete,continuousorboth.T
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ertothisquestionisgivenbythesocalledcentr

quitegeneralconditionsthesumofindepende
istribution in thelimit. 

eorem 

randomvariableswithE(Xi)=µandVar(Xi)=

…+Xn.Thenunder generalconditions, 

 

ardNormaldistribution. 
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istributionasn->∞. 
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.The outlineof theproof isgiven below, 
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Theorem 
LetXn-n>1,andXberandomv

Then Lim FXnx = FXxat all points where FXx

Example8.2 
 
Aboythrowsafairdie100time
 
LetXrepresenttheoutcomeof 
3.5.Var(X)=2.92. 

Thatisµ=3.5.σ2=2.92 
LetXbethemeanscore.Bythe

mean3.5andVarσ2/n. 
 

 
Example8.3 
 
Marks in an I.Q examinatio
deviation10.Whatistheproba
(i)      themeanmarkof agrou
(ii)     themeanmarkof agrou
(iii)    thesumofthemarksof t
 
 
Solution 
 
LetX1,X2,…X10be themark

 
E(X1)= E(X2)=…=E(X10)= 
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variablessuchthatlimn⃗∞MX∞ (t) = MX(t), -

FXnx = FXxat all points where FXx is continuous.
 

mes.Whatistheprobabilitythathismeanscorewi

f eachtoss. PossiblevaluesofXare1,2,3,4,5,

ecentrallimittheoremXisnormallydistribute
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3.5NormalApproximatel
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Example8.3 
 
Itis claimedthat60% of the
thatallvoterswillvote,andtha
receivesatleast50votes. 
Letp=0.6.prob.Of votingfor 
 

 
3.6 TheNormalApprox
 
IfarandomvariableXhasapoiss
standardizedrandomvariable
 

 
 
hasastandardNormalDistrib

tionmay beintroduced. 
 
Ithas beenshownthattheappr
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evotersI agivenward aregoingtovotefor 
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Example8.4 
 
A system suffers random br
probabilitythattherewillbeatl
 
LetXbethenumberoftimethe
tionwithλ=10.Thus 

 

SELF-ASSESSMENT EXERCISE
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3.       Provethat(i)1–x≤e-xfo
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Cambridge University Press.
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orrealx,(ii)logx≤x-1for x>0,and 
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