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1.0 INTRODUCTION

Volterra integral equations have integration limit which include the variable as
opposed to the Fredholm integral in which the integration limits are constants.

2.0 OBJECTIVES

At the end of this unit, you should be able to:

. recognise volterra integral equations;
. comprehend that there are the three types of volterra integral equations; and
o arrive at the resolvent kernel of a volterra equation.

3.0 MAINCONTENT

Volterra integrals are characterised by the limit of integration being one variable and
of which there are three types. A common solution to Volterra integrals is to employ
the formalism known as the Resolvent.

3.1 Volterra Integral Equations

A kernel K (x, y)is said to be of Volterra type if K(x, y)

0, y>Xx (2.1)

There are three types of Volterra integral equations.
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These are:

Q) The equation of the first type.

f(x) = [ K(x y)Q(y)dy 2.2)

(i)  The equation of the second type.

QKX) = 2[K(xy) Qy)dy +f(x) (2.3)

(i)  The homogenous equation of the second type.

Q) =2 [K(xy)Q(y)dy (2.4)
The following properties arise:

0] It is necessary for consistency in the equation of the first kind i.e.
f(0)=0

(i) Any solution to the equation of the second kind cannot be correct unless
Q(0) = 7(0)

(iii) If K is non-singular, there are no Eigenvalue and Eigen functions
associated with the homogenous equation (2.4)

(iv)  The equation of the first type can be differentiated to give the equivalent
equation

<) Q) + [ ZKED gy)- iy 25)

Example 2.1

Solve the integral equation

Q(x) =3 cos(x-y)Q(y)du +e*
Solution
Here Q(0) = f(0) = 1
Differentiating w.r.t x, it follows that
Q(x) = 3Q(x) -3 sin (x-y)Q(y)dy +e’

Thus, Q'(0) = 3Q(0)+1 4
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Differentiating w.r.t x again, we have
Q"(x) = 3 Q(x) - 3[ cos(x—y)Q(y)dy+e’
= 3Q'(X) - Q(x) + 2¢"
This equation can simply be solved thus:
Q" -3 Q'(x) + Q(x) = 2¢*
Consider the homogenous equation
Q" -3 Q'+Q=0

J5

LetQ = e™=m*-3m+1=0, m= i?

N | W

Example 2.2

Solve the integral equation

Q(x) = x+1+ LX(1+2(X—Y))d(y)dy

Solution

Differentiating once, it follows that (Q(0)= f (0)=1)
Q'(x) =+Q(x)+2[ Q(y)dy

Q'(0) = 1+ Q(0) =2
Differentiating again, we have
Q"(x) = Q'(x) +2Q(x)

0

ie. Q'-Q'-2Q =0 LetQ=e™,m*-m-2=0 (m+1)(m+2)
= m =— or2

Q = Ae”*+Be*
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3.2 Resolvent Kernel of VVolterra Equation

Let us consider the equation:
QX) - [ K(x y)Q(y)dy = f(x) (2.6)

We can set about the solution by guessing that at least for small x the integral
term will be small. First approximation is then

Q (x) = f(x) (2.7)
So that [T K(x, y)Q(y)+ [, K (x ¥)Q, (v)dy

= [TK(xy) f(y)dy (2.8)
The second approximation Q,(x), is then

Q) = 100 + 4 [K(y) )y

= £ + 4 [[K(xy)fo(y)dy (2.9)

Repeating the argument, we obtain a sequence of approximations.

Q,(0) = f(x) +2[K(xy) Quly)dy (2.10)

Write equation (2.10) in the form

Q = f+[KQ, (2.11)
Sothat Q,, = f + 2[KQ,, (2.12)
Therefore, Q, -Q,, = 4 [K(Q,1-Q,,) (2.13)
Nowsety, = f =Q, and A"y, =Q,-Q, (2.14)
then,

Py, = A[KAi Yy,
le.

v, = J.Kt//ml n>1 (2.15)
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Now, Q, (X) = f(X)
() = [ ) f()y

v () = [KOGy) wily)dy = [ K(x 2l (2)dz

0

[ 2)dz [ (2 y) F(y) oy

= [ t)dy [[K(x2)K (2 y)dz

= [TY)K, (xy) (2.16)
where K, = ['(x 2)K(z y)z
By repetition of the argument, we have

va(X) = [ K, (xy)f(y)dy (2.17)
Where K, (x,y) = K(x y)and

Kna (% y) =['K(x 2)K, (2 y)dz (2.18)
Also, from equation 2"y, = Q, -Q,,, So that
DA = (Q Q)+ (e Q)+ (@ -Q) 0,
= Q, (2.19)

n

Q. YA, (2.20)

r=0

By considering equation (2.20), (2.17), we have
Q= 16+ (24 K )| () oy
r=1

(¥ =Q,) (2.21)
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Thus, it is plausible to suppose that

Q(x) = lim Q,(x)

-t - [ [ZK (x u)} f(y)dy (2.22)
= f(x) —AJ'OXR(X, y, ) f(y)dy (2.23)
where R(r,y) =- iﬂer (x, y). (2.24)

r=0
The function R is called the Resolvent kernel.

Let us now determine the conditions under which the power series on the right
hand side of equation is convergent.

Suppose that over 0<x, y<I, [K(x, y)|<K

Then,

K, (x, y) =‘ LXK(X, 2)K(z, y)dz ‘

< Ki(x—y) = (x—y)K? x>y (2.25)
Also K,(x,y) =0, y > X
Similarly,
Koyl = [[K(x2)Ky)d

(x—2)dz :% K3 (x—y) x>y (2.26)

and K, (x,y)=0, x<y

Proceeding in this way, it follows that:

| K, (X, y)|< (nl—l)l K'(x—y)"™" x>y (2.27)

=0 X<y
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Thus, the series A" K_ (x, y) is dominated by the series with the n™ term

n

A n-1
K" (x - 2.28
D) (x-y) (2.28)
now |x—y| <2, and so the later series is dominated by the series with n" term

A"K

(n-1y

This is the typical term of an exponential series and so it follows that the series
2.23 for R(x, y, 1) always converge.

(21K )™ (2.29)

The uniqueness of the solution follows easily because, if Q,(x), Q. (x) are
both solution, then,

Qu(x) - = K y)(Qa(y) Qs (y)ay) (2:30)

Since the resolvent kernel series converges for all values of A1is the original
kernel n bounded.

This is equivalent to saying that there is no Eigenvalue. Thus, Q,(x) = Qg(x)

Example 2.3

Solve the integral equation
Qxy) = flxy)+ [ [[ep(x-u+y+v)Q(uyv) dd,
K, (X, y;u,v) = e (Xx—u+y-v)
(x, y;u,v) II X, Y, X', y K(xl,yl,u,v)dxldy1
= exp (X—u+y-v) qudleydylz(x—u)(y—v)em (Xx—u+y-v)
Similarly,

K, (X, y;u,v) = '[UXJ.VY exp(X—u+y-v) [(x—xl)(y—yl)]dxldyl

Cly-yt)dy!

= op (x—u+y—v)_|.vy (xxl—%)
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4.0

X2 u2 y2 VZ
=exp (X—u+y-V)| | x> - "——xu+— || y? =1 —vy+—
[ I ]

1 2 2
= 55 (=) (y-v)" e (x—u+y-v)

and so

R, y;u,v,) = =D K, (x yiu,v)

- e (x—u+y—v)i (x=u)* (y-v)’

u=0 (U !)2

The solution is therefore, given as
Qxy) = f(x Y)—IOXLVR(X, y;u,v) f(u,v)dudv

CONCLUSION

Certain properties arise as a consequence of the three types of Volterra integrals.

5.0

SUMMARY

There are three types of Volterra integral equations, and can be solved using the
Resolvent kernel.

6.0

1.
2.

TUTOR-MARKED ASSIGNMENTS

How many different type of Volterra Integrals are there. 1, 2, 3 or 4?
Which of these three is a Volterra integral equation of the first type?

f(x) = [ K(x y)Q(y)dy

Q) =2 [K(xy)Q(y)dy

QKX) = 2[K(xy) Qy)dy +f(x)
And which is a Volterra integral of the third type?
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1.0 INTRODUCTION

Laplace transformation serves as a powerful tool in the solving of integral equations.
Convolution, the inverse of Laplace transformation, is necessary to transform the
solution back to the originating domain.

20 OBJECTIVES

At the end of this unit, you should be able to:

o describe how convolution type kernels of the Volterra integral can be solved
using Laplace transform;

. solve Fredholm equations; and

o identify a Neumann series.

3.0 MAIN CONTENT

3.1 Convolution Type Kernels

If the kernel of the Volterra integral is of the form K(x - y), the equation is said to be

of convolution type and may be solved by using the Laplace transform. The method of
solution depends upon the well known result in Laplace transform that:

[ e [ Flx-y)olykyon
:f e ™ F(x)dx J:O e ™ G(x)dx (2.36)
The term _[: F(x-y)G(y)du = LX F(y)G(x—y)dy (2.37)

is the convolution, (faltung) of the two functions F(x) and G(x).
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Let us denote J':O e "™ G(x) dx, the Laplace transform of G(x) byG .

Consider the integral equation of the first kind.

f(x) = [ K(x=y)d(yhy (2.38)
On taking the Laplace transform, it follows that,

F=K Q (2.39)
Thus, Q = f/k, (2.40)

provided the transforms exist.

The solution is found by finding the inverse transform of Q.. It is also possible

to solve the inhomogeneous Volterra equation of the 2™ kind with the
convolution kernels in exactly the same way.

The equation

Q(x) = f(x) + [ k(x—y)Q(y)dytransforms into

Q = F+KQ
where Q = (1-K)" f (2.41)
and Q(x) may be found.
Example 2.5
Solve the integral equation
LX sinx (x—y)d(y)dy = 1-cos/x
Note that the equation in self-consistent

Taking the Laplace transform, we have

@« s_l__p _ pepop
p’+a’ p p’+p? p(p? + 57)
2 2
Thus, Q plp? +a’) _ X | fe i
Q= apip + 37 } p a p’+a’
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(04

2 2
Therefore, Q = a+['g —a jcosﬂx

Example 2.6

Solve the integral equation

LX Q(x-y)[Q(y)-2sinay]dy = xcos ax
Solution
Taking the transform if follows that

5{5_ za}zg

p?+a’ (p2+a2)2

(NB) [ F(x)) = (-2 2 |f (1))

Thus, Q = sinax = cosax
are the two possible solutions

Example 2.7

Solve the integral equation
Qx) = x* + [ e Q(y)dy

Solution

It follows that

— 3! 1 =
p4 p—
1
0O = {1_L} ﬂ
p-3 p4
_ _ | |
Hence, o - P=3 3 _ i( Lj
p-4 p4 p4 p—4
3! 3!
p4  p4(p-4)
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Q= x® + LX ‘) y® dy
Example 2.8

Solve the integer-differential equation
Q) + [ e Qi(y)dy=1
where Q(0) = 0, Q'(0) = o

Solution

Taking the Laplace transforms, it follows that

— PQ 1 — p-2
p2 —= == = =
o [0
— 1 1 2 1 2
and Q = = — + - 4+ =
p?(p-1¥  (p-1)°* p-1 p* p
Hence,
Q(x) = xe*-2e" + x + 2
Cossection
5_p2+ P } .
i p-2 p
2
ie 0 p(p—l)} _ 1
| P2 p
— p—2 -3 2 3 -1
= Q = = _— —
p*(p-1)° p p° p-1 (p-1f
Q(x) =—3-2x+3e* - x ¢&*
[Reuse partial fraction]
p—2 A B C D

NB:

— — + — + +
p*(p-1)° p p? p-1  (p-1)

= p-2 = Ap’-2p°A+Ap+Bp®>—-2Bp+B+cp®—cp®+Dp?
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3.2 Fredholm Equations

The Volterra equations considered are a special case of the equation.
Qx) - 2 [k(xy)Qy)dy = f(x) (0<x<) (3.1)

Evidently, the special case is where k(x, y)=ofor y > x

We shall take the interval (0,1) as standard and for simplicity write the integrals
without the limit.

Put  Qx) = f(x) + Ay, (x)+ Ay, () + (3.2)
where y,(x) = [k(xy) f(y)dy

vo(x) = [ k(xy)pa(y)dy

Jk(x y)dy [k(y2) f(z)dz

[ka (x y) f(y)dy

and K, (x,y) = IK(X, z) K(z, y)z

v (x) = [K, (xy)fy)dy
where
K,(xy) = J.Kuy(x, z) k(z, y)dz

The series (3.2) is called the Neumann series just as we consider the series for
the resolvent kernel.

“R( Y A) = K(x )+ 2k, (xy) + (33)

This series may be proved convergent for a certain sample of values of A
under a variety of conditions. We consider one set of these conditions.

3.3 Lemma3.l

Suppose K(x, y) is continuous and
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Then, the series (3.3) is uniformly convergent for |4 < M™. It is continuous

and the series may be integrated term by term. Also, R(x, y;A) is for each
(x, y) an analytic function of the complex variable A inside [4] < M ™.

Proof
We have
K, (x, y] = ‘ IOZ K(x, x)K(z, y) dz‘
< sup| K(x, 2)K(z, y)
< sup|K(x, z) sup|K(z,y) < M?

By repeating this, we get
K, (x,y] < M" (3.4)

Then, the series (3.3) is dominated by Zl”M ".The result follows as before by
Weierstrass M. test in region [AM|<1.The analyticity is obvious since we are
considering each (x,y) the given series > a 4, where a, =K, (x,y). The

radius of convergence is not less than M . Note that in this case we have only
proved convergence for |4 < M ™, whereas the Volterra equations are true for
all 2 finite.

Example 3.1

Consider the integral equation:
Qx) - 4 [ Qy)dy = f(x)
In this case, K(x, y)=1and K, (x, y)=1
1

Th ,R,;/lz—w/’tr:—
us, R(x, y; 1) ; 1

Also, sup|K(x, y)] = 1. Since %1 has a pole at 1, the result may not in general be

extended to smaller M
1 . .
If A = L Q(x) dx, and integrate over (0,1), the equation

Q(x) - 2Q(y)dy = f(x)
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1

All-1) = ij(x)dx :>A=1ij f(x) dx

— 1%

Suppose first that 1 =1.Then,

Qx) = f(x) + JA = f(x)+£f (x)dx

The equation had thus a unique solution.

Suppose on the other hand that 1 =1.

Then, from the equation Al—A1) = Il f(x)dx the original equation will only

0o

have a solution ifﬁ f(x)dx = 0.

If f does not satisfy this condition and A=1, the equation has an infinite
number of solutions Q(x) = f(x)+c where cis a constant and A=1 if an
Eigenvalue with corresponding Eigenfunction Q = constant.

Theorem 3.1

. . . S:0<x<1
Suppose K is continuous in the square o<y<1 and set sup|K|= M.

The resolvent kernel R is given by

0

R y;4) = X 2 Ky (xy) (3.5)

r=0

Where the series is uniformly convergent for |1| < m™

Ris continuous and the series may be integrated term by term. In the domain
f} where §f is analytic. The following relation holds

K(x,y) + R(x, y; 1) = lIK(X, 2)R(z, y; A)dz
= ﬂj R(x, z; A1) K(z, y)dz

Suppose that f is integrable, then, the unique solution for A eﬁ of (3.1)is

Q)= 10 = 2 [ ROu v 2) 1(y)ey
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4.0 CONCLUSION

Convolution type integrals may be solved by the use of Laplace transform provided
the transform exists.

5.0 SUMMARY

It is possible to determine if a Volterra integral is of the convolution type and then
solve it using the method of Laplace where the final solution is found by finding the
inverse transform. This applies also to the inhomogeneous Volterra equation of the 2™
kind which convolution kernels can be solved in exactly the same way.

6.0 TUTOR-MARKED ASSIGNMENT

1. State the name of the integral equation in which the integration limits are
constants and do not include the variable?
2. What is the relationship between F(x), G(x) and this term?

[[ Fx=y)G(y)du = [ F(y)G(x-y)dy
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